Warm-Up 1

1. 3% Yoselin purchases 3 dozen tomatoes for $6.66. At this rate, how
much will 10 dozen tomatoes cost?

2. Sqin One square has a perimeter of 40 inches. A second square has a perimeter of
36 inches. What is the positive difference in the areas of the two squares?

Outcome | # of Occurrences
3. % A standard six-sided die was rolled 50 times, and 1 14
the outcomes are in the table shown. What percent 2 5
of the rolls resulted in a prime number? 3 9
4 7
5 7
6 8
4. factors How many factors of 1000 can be divided by 20 without a remainder?
5. units The square shown is divided into 4 congruent rectangles. If the

perimeter of the square is 144 units, what is the perimeter of one
of the four congruent rectangles?

6. Two integers have a difference of -18 and a sum of 2. What is the product of the
two integers?

7. The median of a set of consecutive odd integers is 138. If the greatest integer in
the set is 145, what is the smallest integer in the set?

8. integers  Among all three-digit integers from 100 to 400, how many have exactly one digit
that is an 8?
9. games M4/ Ben and Dan are two of the members on the school's chess team. Ina

~ fourhament against their rival team, Ben played exactly 1 out of every 4
games. Dan, who played more games, played 14 games. What is the largest
number of games the team could have played?

10. miles Peter Pedals rode his bike a total of 500 miles in five days.
Each day he rode 10 more miles than he had ridden on the
previous day. How many miles did Peter ride on just the fifth
day?
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Warm-Up 2

1. triangles A pattern of equilateral triangles will be made from
matchsticks, as shown. One whole matchstick is used
per side on each triangle. If the pattern is extended e o o

and uses exactly 77 matchsticks, how many triangles
will be formed?

2. sq feet The ratio of the length of a rectangular room to its width is 5:3. The perimeter of
the room is 48 feet. What is the area of the room?

3. What is the greatest perfect square that is a factor of 7!?

4. A standard six-sided die with its faces humbered 1 to 6 is rolled once, and a dime
is tossed once. What is the probability of rolling a number less than 3 and tossing a
tail? Express your answer as a common fraction.

5. students In arecent survey of 300 students, 152 students had at least one dog,

120 students had at least one cat, and 46 students had at least one cat
and at least one dog. How many of the surveyed students did not
have either a cat or a dog?

6. points Alicia's average score on her five tests is 88 points. The score range for each test
is O points to 100 points, inclusive. What is the lowest possible score that Alicia
could have earned on one of the five tests?

7. units  The numerical value of a particular square's area is equal to the numerical value of
its perimeter. What is the length of a side of the square?

8. When converted to be in the same unit of measure, what is the ratio of 4 cm to
1 km? Express your answer as a common fraction.

9. years TIn 30 years, Sue will be 4 times as old as she is now. How old is she now?
old

10. _sqinches A legal-sized piece of paper measures 8.5 inches by 14 inches. A one-inch border of
paper is cut of f from each of the four sides. How many square inches have been cut
of f?
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10.

feet

students

lamps

inches

units

Workout 1

A book is opened to a page at random. The product of the facing page numbers is
9.312. What is the sum of the facing page numbers?

Henry walked on a flat field 9 meters due north from a tree. He
then turned due east and walked 24 feet. He then turned due
south and walked 9 meters plus 32 feet. How many feet away

from his original starting point is Henry?

Because of redistricting, Liberty Middle School's enrollment increased
to 598 students. This is an increase of 4% over last year's enrollment.
What was last year's enrollment?

up his business. It costs John $30 to make each lamp. If John plans to
sell the lamps for $70 each, how many lamps would John have to sell to
recover the $5000 set-up cost and the cost involved in making each of the

lamps that he sold?

ﬁ John Lighthouse makes stained glass lamps. John spent $5000 to set

A right triangle has a side length of 21 inches and a hypotenuse of 29 inches. A
second triangle is similar to the first and has a hypotenuse of 87 inches. What is
the length of the shortest side of the second triangle?

Let the function R x S be defined as Rx S = 2R + S°. For instance, 2 X 3 would have
a value of (2 x 2 + 3°), which yields a value of 13. What is the value of 4 x -1?

If n>1, what is the smallest positive integer n such that the expression

V1+2+3+..+n simplifies to an integer?

Triangle ABC has three different integer side lengths. Side AC is the longest side,
and side AB is the shortest side. If the perimeter of ABC is 384 units, what is the
greatest possible difference AC - AB?

The slope of Mary's line is %. The slope of Sue's line is also positive, is less than
1 and is steeper than Mary's line. If the slope of Sue's line can be written as a
common fraction with a one-digit numerator and a one-digit denominator, what is
the slope of Sue's line? Express your answer as a common fraction.

What is the value of (1 -£)(1 - $)1 - %) - £)...(1 - &)? Express your answer as a
common fraction.
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Warm-Up 3

1. degrees  Angles A and B are supplementary. If the measure of angle A is 8 times angle B,
what is the measure of angle A?

2. In a certain sequence of numbers, each number after the first is 3 less than fwice
the previous number. If the third number in the sequence is 51, what is the first
number of the sequence?

3.9 Raymond buys items to sell in his store. He prices each item to be 25%
more than the wholesale cost. What price should he put on an item with a
wholesale cost of $39.00?

Starting at the town of Euler and traveling 40 miles to the town of
Pythagoras, Rashid travels at the rate of 2 miles every 15 minutes.
Returning from Pythagoras to Euler, he travels 2 miles every 3
minutes. What was Rashid's average speed, in miles per hour, for the
entire trip? Express your answer as a mixed number.

5. units  The ratio of the length of the sides of square ABCD to the length of the sides
of square PQRS is 3:1. If the area of square ABCD is 9 square units, what is the
length of side PS?

6. Seven cards each containing one of the following letters C,B, T, A,E, M and H are
placed in a hat. Each letter is used only once. Stu will pull four cards out at random
and without replacement. What is the probability that Stu pulls out M, A, T, H in
this order? Express your answer as a common fraction.

7. If xand y are positive integers with x + y < 40, what is the largest possible product
Xxy?
8. points  Consider the rectangular region with vertices at (5, 4), (-5, 4), (-5, -4) and (5, -4).

How many points with integer coordinates will be strictly in the interior of this
rectangular region?

9. feet A ball is dropped straight down from a height of 16 feet. If it
bounces back each time to a height one-half the height from which
it last fell, how far will the ball have traveled when it hits the floor

for the sixth time?

10. degrees What is the degree measure of an interior angle of a regular pentagon?
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Warm-Up 4

1. students The day after the school election it was reported that Danny won the election for
class president. For every three votes his opponent received, Danny received
five votes. Every student voted exactly once. If students voted only for either
Danny or his opponent and Danny's opponent received 312 votes, how many students
voted in the election?

2. oranges Charlie has a basket full of fruit. The numbers of oranges, apples and bananas are
in the ratio of 1:2:3, respectively. If Charlie has 15 total apples and bananas, how
many oranges does he have?

3. What is the sum of the integers from -30 to 50, inclusive?
4. % The stem-and-leaf plot shows the scores of 20 students. What percent of the
students scored less than 75%? (The value 6 | 2 represents 62%.)
6125
7102345
811123348
91244669
5. combos  How many different combinations of pennies, nickels, dimes and/or quarters result

in a sum of 35 cents?

6. If the expression 3! x 92 x 273 x 81* is simplified to the form 3™, what is the value
of m?
7. frout - A group of naturalists catch, tag and release 121 trout into a lake. The next day

they catch 48 trout, of which 22 have been tagged. Using this ratio, how many
trout would be estimated to be in the lake?

%% -

8. By what number should you multiply 31 o get a product of 4? Express your answer
as a mixed number.

9. inches The area of square ABCD is 36 square inches. The area of rectangle WXYZ is
20 square inches. If the two shapes have equal perimeters, what is the length of
the longer side of rectangle WXYZ?

10. goats A farmer had a daughter who spoke in riddles. One day the child was asked to
count the number of goats and the number of ducks in the barnyard. She returned
and said, "Twice the number of heads is 76 less than the number of legs.” How
many goats were in the barnyard?

-

Problem #9 is from the 2007-2008 MCP Ultimate Math Challenge.
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7. units
8.
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Workout 2

The product of a set of consecutive integers is 720. If the mean is 3.5, what is the
sum of the integers?

Mr. Adler and Mr. Bosch both work for the same company making $40,000 and
$38,000 a year, respectively. The employer wishes to raise both their salaries
for the next year so that they will be making the same amount of money

as each other. The employer will use $12,000 for the total of their

raises. By what percent will Mr. Bosch's salary be raised? o
Express your answer to the nearest tenth. o

On a quiz of 10 questions, every correct answer earns 5 points, but every wrong
answer deducts 2 points. Questions left blank earn zero points. Tim got ¢ questions
correct, w questions wrong and left b questions blank. He earned a score of 31 on
the quiz. What is the ordered triple (c, w, b)?

Three consecutive primes are summed. When the sum is squared, the result is
72,361. What is the largest of the three primes?

The formula for the volume of a sphere is V = (4/3)nr’, where r is the radius of the
sphere. Alex places a particular sphere into a cubic box with sides of 10 meters. If
the sphere is tangent to each of the box's faces, what is the volume of the sphere?
Express your answer as a decimal to the nearest tenth.

Anna ran to her friend's house at a rate of 8 miles per hour. On the way back she
ran the same route in reverse, but she ran at a rate of 6 miles per hour. If Anna's
route is one-mile long each way, how many minutes longer did it take her to run
back from her friend's house than it took her to run o her friend's house? Express
your answer as a decimal to the nearest tenth.

Twenty-nine is the shortest leg of a right triangle whose other leg and hypotenuse
are consecutive whole numbers. What is the sum of the lengths of the other two
sides?

Of all the four-digit positive integers containing only digits from the set {2, 4, 6,
8}, what fraction of them have at least one of their digits repeated? Express your
answer as a common fraction.

Due to bowling a score of 204 in his last game, Remy raised his
average from exactly 156 to exactly 158. What score must he bowl in
the next game to raise his overall average to exactly 159?

The positive square root of 200 is what percent larger than the positive square
root of 1212 Express your answer fo the nearest whole number.
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Warm-Up 5

1. km A large map of the United States uses a scale of 2 cm = 2.5 km. On
the map, the distance between two cities is 1 meter. What is the
actual distance between the two cities?

2. % The ratio of the measures of two complementary angles is 4 to 5. The smallest
measure is increased by 10%. By what percent must the larger measure be
decreased so that the two angles remain complementary?

3. What is the 25th number in the pattern: 1,2, 3,5, 7, 10, 13, 17, 21, 26 ...?

4. The mean of the set of numbers {87, 85, 80, 83, 84, x} is 83.5. What is the median
of the set of six numbers? Express your answer as a decimal to the nearest tenth.

5. orders A local ice cream shop carries vanilla ice cream, chocolate ice cream and
strawberry ice cream, as well as regular and sugar cones. Customers can
order a single or double scoop of their favorite flavor, or they can choose
one scoop of one flavor topped with one scoop of another. If chocolate
topped with vanilla is not the same as vanilla topped with chocolate, how
many different ice cream cone orders are possible?

6. Of three positive integers, the second is twice the first, and the third is twice the
second. One of these integers is 17 more than another. What is the sum of the
three integers?

7. sq ft The length of a rectangular playground exceeds twice its width by 25 feet, and the
perimeter of the playground is 650 feet. What is the area of the playground?

8. students The ratio of boys to girls is 6:5 in one first-period class and 3:5 in a second first-
period class. If the school does not permit class sizes to be less than 10 students,
what is the minimum number of total students in the two first-period classes so the
ratio for the combined classes is 1:1?

9. inches Two circles are drawn in a 12-inch by 14-inch rectangle. Each circle has a diameter
of 6 inches. If the circles do not extend beyond the rectangular region, what is the
greatest possible distance between the centers of the two circles?

10. What is the largest prime factor of 782
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Warm-Up 6

1. squnits The area of square I is 1 square unit. A diagonal of square I is a side of square IT,
and a diagonal of square II is a side of square ITII. What is the area of square III?

2. inches  The heights of six students Joe, Mary, Sue, Steve, Lisa and John are 60 inches, 64
inches, 58 inches, 68 inches, 63 inches and 69 inches. Sue is 4 inches shorter than
Joe. The girls are the three shortest students. Steve is 1 inch shorter than John.
Mary is the shortest student. What is the sum of John's height and Lisa's height?

3. The average of the three numbers x, y and z is equal to twice the average of y and
z. What is the value of x, in terms of y and 2?

4. Given that -3 < x< 2 and 20x? = y - 24, what is the smallest possible value for y?

5. % The current price of a pair of Lux basketball shoes is $30. The
original price had been reduced by 25%. That reduced price was
then lowered by 50% to arrive at the current price. What was
the original price?

6. faces A 2-by-4-by-8 rectangular solid is painted red. It is cut into unit cubes and
reassembled into a 4-by-4-by-4 cube. If the entire surface of this cube is red, how
many painted unit-cube faces are hidden in the interior of the cube?

7. ,%,J If ayear had 364 days, then the same calendar could be used
) every year by only changing the year. A “regular” year has
e~ 365 days and a leap year has 366 days. The year 2000 was a
i)
8. patterns A 6-question True-False test has True as the correct answer for at IeasT% of

leap year and leap years occur every 4 years between the years
2000 and 2100. Claudia has a calendar for 2009. What will be

the questions. How many different True/False answer patterns are possible on an

answer key for this test?

the next year that she can use this calendar by merely changing
the year?

9. If(Imopn)= L* +mi+ for any values of m and n, what is the value of (2 o 4)?
Express your answer as a common fraction.

10. cents . The new Perry Hotter book will have a cover price of $25. The local

\ bookstore is of fering two discounts: $4.00 off and 20% off. A clever
shopper realizes that the prices will be different depending on the

\ order in which she claims her discounts. How much more money will

she save by taking the better-valued approach rather than the other

approach? Express your answer in cents.

Problem #4 is from the 2008 Chapter Target Round.

30 MATHCOUNTS 2008-2009



Workout 3

1. mph A car is scheduled to make a 616-mile trip in 9 hours. The car averages 60 mph
during the first 240 miles and 80 mph during the next 160 miles. What must the
average speed of the car be for the remainder of the frip in order for the car to
arrive on schedule?

2. revs The front and rear wheels of a horse-drawn buggy had radii

of 14 in. and 30 in., respectively. In traveling one mile (which is
63,360 inches), what was the positive difference in the number
of revolutions made by the front and rear wheels? Express your

answer to the nearest whole number.

3. feet Rex runs one mile in 5 minutes, Stan runs one mile in 6 minutes and Tim runs one
mile in 7 minutes. There are 5280 feet in one mile. By how many feet does Tim trail
Stan at the moment that Rex completes a one-mile run? Express your answer as a
decimal to the nearest tenth.

4. cuyds A rectangular solid box measures 2.75 feet by 4.05 feet by 480 inches. In cubic
yards, what is the volume of the box? Express your answer as a decimal to the
nearest tenth.

A

5. degrees TIn the diagram to the right, triangle ABC is inscribed in the
circle and AC = AB. The measure of angle BAC is 42 degrees
and segment ED is tangent to the circle at point C. What is the B ¢
measure of angle ACD?

E

6. A set of data includes all of the positive odd integers less than 100, the positive,
two-digit multiples of 10, and the numbers 4, 16 and 64. All included integers
appear exactly once in the data. What is the positive difference between the
median and the mean of the set of data? Express your answer as a decimal to the
nearest thousandth.

Ryosuke is picking up his friend from work. The odometer on his car
reads 74,568 when he picks his friend up, and it reads 74,592 when
he drops his friend off at his house. Ryosuke's car gets 28 miles per
gallon, and the price of one gallon of gas is $4.05. What was the cost
of the gas that was used for Ryosuke to drive his friend home from
work?

8. What is the greatest common factor of 84, 112 and 210?

9. days If 10 men take 6 days to lay 1000 bricks, then how many days will it
take 20 men working at the same rate to lay 5000 bricks?

10. Ayushi has six coins with a total value of 30 cents. The coins are not all the same.
Two of Ayushi's coins will be chosen at random. What is the probability that the
total value of the two coins will be less than 15 cents? Express your answer as a
common fraction.
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Transformations &

Coordinate Geometry
Stretch

Triangle ABC has vertices with coordinates A(2, 3), B(7, 8) and C(-4, 6). The
triangle is reflected about line L. The image points are A'(2, -5), B'(7, -10) and
C'(-4, -8). What is the equation of line L?

Two vertices of an obtuse triangle are (6, 4) and (O, 0). The third .
vertex is located on the negative branch of the x-axis. What are

the coordinates of the third vertex if the area of the triangle is

30 square units?

The points A(2, 5), B(6, 5), C(5, 2) and D(1, 2) are the vertices of a parallelogram.
If the parallelogram is translated down two units and right three units, what will be
the coordinates of the final image of point B?

Naming clockwise, regular pentagon COUNT has vertices C, O, U, N, T, respectively.
Point X is right in the center of this pentagon so that line segments from X to each
vertex create congruent triangles. If point C is rotated 144° counterclockwise
about the point X, what original vertex is the image of point C?

B

WA

If AABC with vertices A(-10, 2), B(-8, B), C(-6, 2) is reflected
over the y-axis and the image is then reflected over the x-axis,
what are the coordinates of the final image of point A?

Points A(-4, 1), B(-1, 4) and C(-1, 1) are the vertices of AABC. What will be the
coordinates of the image of point A if AABC is rotated 90° clockwise about the
origin?

What is the angle of rotation, in degrees, about point C that
maps the darker figure to its lighter image? G

Circle T has its center at point T (-2, 6). Circle T is reflected
across the y-axis and then translated 8 units down. What are the coordinates of
the center of the image of circle T?

The preimage of square ABCD has its center at (8, -8) and has an area of 4 square
units. The top side of the square is horizontal. The square is then dilated with the
dilation center at (0, 0) and a scale factor of 2. What are the coordinates of the
vertex of the image of square ABCD that is farthest from the origin?

The four points A (-4, 0), B (0, -4), X (0, 8) and Y (14, k) are graphed on the
Cartesian plane. If segment AB is parallel to segment XY, what is the value of k?
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ANSWERS TO HANDBOOK PROBLEMS

Warm-Up 1
Answers
1. 22.20 ©) 5. 90 (F,P) 8. 54 ®, )
2. 19 (F, M) 6. -80 (F,6) 9. 52 (€, 6)
3. 42 ©) 7. 131 ®, T) 10. 120 (F, T)
4. 6 *, T

Warm-Up 2
Answers
1 38 F.P) | 5. 74 M | s 25;00 €. F)
2. 135 (F, M) 6. 40 (F, 6) 9. 10 (F,6)
3. 144 ©) 7. 4 (F, 6, M) 10. 41 (€, M)
a 1 ©)

Workout 1
Answers
1. 193 (€, 6,P) 5. 60 (. F) 8. 188 (F, 6, M)
2. 40 €, M) 6. 9 ©) 9. % (€, M, P)
3. 575 (. F) 7. 8 c, P) 10, 5% (. s)
4. 125 (€, F)

Warm-Up 3
Answers
1. 160 (C.F,6) 5. 1 (C,F, M) 8. 63 €. M, S)
2. 15 (C,F,6,M,P,T) 6. % (C.F, M) 9. 47 €, M, T
3. 4875 ©) 7. 380  (C.6,M,S,T) 10. 108 (. F,P)
4. 131 (C.F,6)

* The plural form of the units will always be provided in the answer blank even if the answer appears
to require the singular form of units.
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Answers

1. 832
2. 3

w

810

Answers

1. 21
2. 184

w

(7,2, 1)

»

97

Answers

1. 125
2. 8
3. 157

»

835

50

(C.F. M)
(€. F)
P,
©)

(C.E,6,P,T)
(C,6,M,S,T)
(E.6,T)

©)

(€. M, T)
(C,F, M)
(C,F,P,T)
(C.F)

Warm-Up 4

5. 24 P. M
6. 30 (C.P)
7. 264 (C,F, M)

Workout 2
5. 523.6 (C.F. M)
6. 25 (C.F.M.5)

7. 841 (C,E,F,G,P,T)

Warm-Up 5
5. 24 (C,F.M,T)
6. 119 (C.E,6,P)
7. 22500 (C,F, M)

9. 10 (F, M)
10. 38 (C,F,6,M,5,7)

29

8 3 (C,F,M,S,T)
9. 183 (C.E,F,6)
10. 29 (@)
8. 60 (D)
9. 10 (CF.Mm)
10. 13 (C.E.6)
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Warm-Up 6

5. 80 or 80.00 (C, F)
6. 16 (C . F. M)
7. 2015 P. M

Workout 3
5. 69 (F)
6. 05650r 565 (C,P)
7. 347 (C.F)

10.

10.

Transformations & Coordinate

Answers

1. 4 (C.F. M)
2. 132 (E.6,T)
3. 2y+2zor2(y+2) (F)
4, 24 (C.F,P)
Answers

1. 72 (C.F,T)
2. 384 (9]
3. 628.6 (C.F)
4. 165 (. P
Answers

1. y=-1 (M, P)
2. (-15,0) (C,F, M)
3. (9,3) (F)
4. N (F, M)
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5.
6.
7.

Stretch
(10, -2) (F, M)
(1, 4) (M)
180 G, M

10.

22 (C.F, T
17

v (C.F)
80 (€. M)
14 (C.6)
15 (¢, M)
< €, M, T)
3 ’ '
Geometry
(2,-2) (F, M)
(18, -18) (F, M)
-6 (F. M)
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SOLUTIONS TO HANDBOOK PROBLEMS

The solutions provided here are only possible solutions. It is very likely that you and/or your students will come up
with additional—and perhaps more elegant—solutions. Happy solving!

Warm-Up 1
Problem 1. If 3 dozen tomatoes cost $6.66, then 1 dozen cost $6.66 + 3 = $2.22 and 10 dozen must cost $2.22 x 10 = $22.20.

Problem 2. The square with a perimeter of 40 inches must have a side length of 40 + 4 = 10 inches, and an area of 10> = 100 square inches. The
square with a perimeter of 36 inches must have a side length of 36 ~ 4 = 9 inches, and an area of 9° = 81 square inches. The positive difference
between these two areas is 100 — 81 = 19 square inches.

Problem 3. The prime numbers on a standard six-sided die are 2, 3 and 5. These numbers occurred a total of 5 + 9 + 7 =21 times out of the
50 rolls, which is 21 + 50 = 0.42 or 42% of the rolls.

Problem 4. We can think of 1000 as 20 x 50. The factors of 50 are 1, 2, 5, 10, 25 and 50. If we multiply each of these 6 factors of 50 by 20, we
will get the six (6) factors of 1000 that can be divided evenly by 20. They are 20, 40, 100, 200, 500 and 1000.

Problem 5. Let’s call the side length of the square s. This makes the perimeter of the square 4s, which we know is 144 units. Solving 4s = 144 for
s, we get s = 36. We also can say that the perimeter of each rectangle is 2(s + 0.25s). Since we found that s = 36, we know that the perimeter of
each rectangle is 2(36 + (0.25)(36)) = 90 units.

Problem 6. Suppose we add 18 to the lesser of the two integers. Then they would have the same value and their sum would be 2 + 18 = 20. The
larger integer must be 20 + 2 = 10, and the smaller integer must be 10 — 18 = — 8. The product of the two integers is 10 x —8 = —80.

Problem 7. The median of a set of consecutive integers is the middle value of that set. Since the median is an even number, but there are only odd
integers in this set, there must be an even number of integers in the set. The set must be {131, 133, 135, 137, 139, 141, 143, 145}, and 131 is the
least integer in the set.

Problem 8. In the 100s, we have 108, 118, 128, etc., and we have all the numbers in the 180s, but we must exclude 188 since it has two 8s. That
means there are 18 integers with exactly one digit that is an 8. There are also 18 integers in the 200s and the 300s, so there are 3 x 18 = 54 total.

Problem 9. Since Dan played more games than Ben, Ben could have played at most 13 games. Since Ben played exactly 1 out of 4 games, the
maximum number of games the team could have played is 4 x 13 =52 games.

Problem 10. Suppose Peter rode x miles on the first day. Then he rode x + 10 miles on the second day, x + 20 miles on the third day, x + 30 miles
on the fourth day, and x + 40 miles on the fifth day. We know that Peter rode 5x + 100 miles, so 5x + 100 = 500. Solving for x, we get 5x = 400
and then x = 80 miles. He must have ridden 80 + 40 = 120 miles on the fifth day. Another solution is to see that Peter would have ridden 100
miles each day if he rode the same distance each day. Keeping the middle day (the third day) at 100 and adding/subtracting 10 miles from the
other days according to the problem, we see he rode 80, 90, 100, 110 and 120 on the five days.

Warm-Up 2

Problem 1. The first triangle requires three matchsticks. After that, it takes only two matchsticks to make a new triangle in the pattern. Thus, the
number of matchsticks, m, is one more than twice the number of triangles, #. If 77 matchsticks are used, we can solve the equation 77 = 2¢ + 1.
There must be (77 — 1) + 2 = 76 + 2 = 38 triangles.

Problem 2. If the perimeter of the room is 48 feet, then the semiperimeter is half that or 24 feet. This is the sum of the length and the width. The
part-to-part ratio 5:3 is a total of 8 parts, so each part must be worth 24 + 8 = 3 feet. That means the length is 5 x 3 = 15 feet and the width is
3 x 3 =09 feet, so the area must be 15 x 9 =135 square feet.

Problem 3. We don’t need to know that 7! = 5040 to find the greatest perfect square factor of 7!. We should look at the prime factorization of 7!,
whichis 7x 6 x5x4x3x2x1=7x(2x3)x5x(2x2)x3x2x 1. We have four factors of 2 and two factors of 3, so the greatest perfect
square factor of 7! is 2* x 3% =16 x 9 = 144,

Problem 4. There are two numbers less than 3 on a standard die (namely, 1 and 2), so there is a 2/6 chance of rolling one of those. There is also a
1/2 chance of tossing a tail on the dime. The probability that these two things will happen together is 2/6 x 1/2 = 1/6.

Problem 5. If we add the number of students who have dogs to the number of students who have cats, we have double counted the students who
have both dogs and cats. Thus, there must be 152 + 120 — 46 = 226 students who have at least one of these pets. That leaves 300 — 226 =

74 students in the survey who did not have either a cat or a dog.

Problem 6. If Alicia’s average score on her five tests is 88 points, then the sum of her scores must be 88 x 5 =440 points. If she earned
100 points on four of the tests, then she could have earned a score as low as 40 points on the other test.

Problem 7. The area is the square of the side length and the perimeter is 4 times the side length. If s° = 4s, then the side length, s, is 4 units.
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Problem 8. One kilometer is 1000 meters and 1 meter is 100 centimeters, so 1 km = 100,000 cm. The ratio 4 cm to 1 km becomes 4 cm to
100,000 cm, which written as a common fraction, is 1/25,000.

Problem 9. If x is Sue’s age now, x + 30 = 4x. When we solve for x we find that Sue is now 10 years old.

Problem 10.The area of the legal-sized piece of paper is 8.5 x 14 = 119 square inches. When a one-inch border is cut from all four sides, we are left
with a paper that measures 6.5 inches by 12 inches and has an area of 6.5 x 12 = 78 square inches. The difference 119 — 78 = 41 is the number of
square inches that have been cut off.

Workout 1

Problem 1. The two facing pages will differ by 1, so each is close to the square root of 9312, which is about 96.4987. The two pages must be 96 and
97, and their sum is 193. Alternately, by looking at the prime factorization of 9312, which is 2° x 3 x 97, we see that 96 x 97 = 9312. So, again,
96 + 97 =193.

Problem 2. We are dealing in both meters and feet in this problem, which can be confusing. A careful reading, however, reveals that the 9 meters
that Henry walked due north are later eliminated by the 9 meters that he walked due south. At the end, Henry is 24 feet east and 32 feet south of his
original location. These are the two legs of a right triangle, so we can figure out the length of the hypotenuse of the triangle using the Pythagorean
Theorem. Actually, 24 is 3 x 8 and 32 is 4 x 8, so this is just a multiple of the 3-4-5 triangle. The hypotenuse—and Henry’s distance from his starting
point—must be 5 x 8 = 40 feet.

Problem 3. If we knew last year’s enrollment at Liberty Middle School, we would multiply by 1.04 to get the new enrollment of 598 students.
Working backward, we can divide 598 by 1.04 to get 575 students. Alternatively, we could solve the equation x + 0.04x = 598, where x is last year’s
enrollment.

Problem 4. John will make $70 — $30 = $40 on each lamp that he sells. He will need to sell $5000 + $40 = 125 lamps to recover his set-up cost.

Problem 5. Using the Pythagorean Theorem, we calculate that the other leg of the original right triangle must be \/(292 - 212) =(841 —441) =
V400 = 20 inches. Since 87 is 3 times 29, the length of the shortest side of the second triangle must be 3 x 20 = 60 inches.

Problem 6. Substituting 4 and —1 into the rule, we get (2 x 4 + (—1)2) =@8+1)=9.

Problem 7. When we add consecutive counting numbers starting with 1, we get numbers known as triangular numbers. We are essentially looking for
a triangular number that is also a square number. The first few triangular numbers are 1, 3, 6, 10, 15, 21, 28, 36... We see that when n = 8, we get the
number 36, which is both a triangular number and a square number, thus n = 8.

Problem 8. For this problem we must remember the Triangle Inequality Theorem that states that the shortest side must be longer than the positive
difference of the other two sides. We will try to make a long skinny triangle with side AB as short as possible. First we try making AB equal to 1 unit.
Then the other two sides must have a difference less than 1 unit in order to form a triangle. The closest we can come with integers is 191 and 192,

but that won’t work. The shorter sides will lay flat on the longest side and will fail to make a triangle. Next we try making AB equal to 2 units. If the
other two sides were 191 each, we would have a triangle, but all three sides would not have different lengths. If the other two sides were 190 and 192,
we wouldn’t have a triangle. Finally, we try making AB equal to 3 units. Then the other two sides could be 190 and 191 units, and we can now form a
triangle. The greatest possible difference is therefore 191 — 3 = 188 units.

Problem 9. Since Sue’s line is steeper than Mary’s, the slope must be closer to 1 than Mary’s slope. The only fraction that has a numerator and a
denominator that are both single digits and accomplishes this is 8/9. We know to look at ninths because they are smaller than eighths, which will
allow us to get closer to 1.

Problem 10. After the subtractions are performed, each fraction in the pattern has a numerator that is one less than its denominator. The product then
reduces quite nicely, leaving just the first numerator and the last denominator, as follows: 1/2 x 2/3 x 3/4 x ... x 49/50 = 1/50.

Warm-Up 3

Problem 1. If we let the measure of angle B equal x, then the measure of angle A is 8x. Since angles A and B are supplementary, we can say that
x + 8x = 180. If we solve for x we find that x = 20. Thus, angle A = 8(20) = 160 degrees.

Problem 2. Rewriting the statement “51 is 3 less than twice some number” in algebra, we get 51 = 2x — 3. Now we solve for x, and find that
54 =2x and x = 27. This is the second number. (Notice that we added three to 51 and divided by 2 to get this result.) Repeating the process, we write
27 =2y — 3 and then solve for y. We get 30 = 2y and y = 15. The first number in the sequence is 15.

Problem 3. To price an item at 25% over the wholesale cost, we can multiply by 1.25. In this case, we get $39 x 1.25 = $48.75.

Problem 4. We need to realize that Rashid spent more time traveling at the slower speed even though the distances are the same. Let’s convert each
speed to miles per hour: 2 miles every 15 minutes is 8 miles per hour, and 2 miles every 3 minutes is 40 miles per hour. Then Rashid would have
taken 40 + 8 = 5 hours to get to Pythagoras and 40 + 40 = 1 hour to get back. That’s a total of 6 hours to go 80 miles, which is 80/6 = 13 !/, miles per

hour.

Problem 5. If the area of square ABCD is 9 square units, then the side length of square ABCD is 3 units. The side length of square PQRS must be
1 unit.
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Problem 6. The probability that Stu pulls the M out first is 1/7. The probability that he then pulls the A out is 1/6. The probability that he pulls out M,
A, T, H in this order is 1/7 x 1/6 x 1/5 x 1/4 = 1/840.

Problem 7. We should make x + y = 39, and they should be as close to each other as possible to get the greatest product. Let’s try x =20 and y = 19.
Then xy =20 x 19 = 380.

Problem 8. The rectangular region is 10 units by 8 units, resulting in a 9-by-7 array of lattice points in the interior of this
region. That’s 63 points with integer coordinates, as shown in the figure.

Problem 9. The ball first drops 16 feet. It then travels up 8 feet and down 8 feet. When it hits the floor for the sixth time, it will have traveled
16+8+8+4+4+2+2+1+1+1/2+1/2=47 feet.

Problem 10. Any convex pentagon may be subdivided into three triangles, each with a total angle sum of 180 degrees. Thus, the sum of the interior
angles of any convex pentagon is 3 x 180 = 540 degrees. If the pentagon is regular, then each of its five angles will have the same measure of 540 + 5
=108 degrees.

Warm-Up 4

Problem 1. If Danny’s opponent received 3 “parts” of the vote and Danny received 5 “parts” of the vote, then that’s 8 parts in all. Each part must be
312 + 3 =104, so there must have been 8 x 104 = 832 students who voted in the election.

Problem 2. The ratio of oranges to apples and bananas is 1:(2 + 3) = 1:5. Thus, if Charlie has 15 apples and bananas, he has 1/5 =x/15 =>x=3
oranges.

Problem 3. The sum of the integers from —30 to 30 is zero, so we need to find only the sum of the integers from 31 to 50. Adding 31 + 50, 32 + 49,
etc., we get 10 sums of 81, which is a total of 810.

Problem 4. Six out of the 20 students, or 30%, scored less than 75%.

Problem 5. If we start with 35 pennies and systematically swap pennies for nickels, nickels for dimes, etc., we will find the following
24 combinations: 35P, 30P + IN, 25P + 2N, 25P + 1D, 20P + 3N, 20P + IN + 1D, 15P + 4N, 15P + 2N + 1D, 15P + 2D, 10P + 5N, 10P + 3N + 1D,
10P+ IN +2D, 10P + 1Q, 5P+ 6N, 5P+ 4N + 1D, 5P+ 2N + 2D, 5P + 3D, 5P+ IN + 1Q, 7N, SN + 1D, 3N + 2D, IN + 3D, 2N + 1Q and 1D + 1Q.

Problem 6. Each base in the expression is itself a power of 3, so we can simplify as follows: 3' x 9* x 27° x 81 = 3' x 3’ x 3y’ x 3%)'=  3'«x
3% 37 x 3" = 30749 = 330 The value of m is 30.

Problem 7. The idea is that the ratio of the 121 trout that were tagged and released on the first day compared with the unknown number of trout in the
lake is proportional to the 22 tagged out of 48 caught on the second day. We set up the proportion 121/x = 22/48, and solve for x. The cross product is
22x =121 x 48, so x = (121 x 48)/22 = 264. We would estimate 264 trout in the lake.

Problem 8. The mixed number 3 !/; is equal to the improper fraction 10/3. If we multiply 10/3 by its reciprocal 3/10, we get 1, which we could then
multiply by 4 to get 4. To do this in one step, we need the number 3/10 x 4 =12/10=6/5=1"/,.

Problem 9. Since the area of square ABCD is 36 square inches, we know that each side is V36 = 6 inches, and the perimeter is 4 x 6 = 24 inches. We
are told that the perimeters of the square and rectangle are equal so the sides of the rectangle must add to equal half the perimeter, or 24/2 = 12 inches,
and must multiply to equal 20 square inches. Thus, the rectangle must be 10 inches by 2 inches, and 10 inches is the longest side.

Problem 10. Goats have 4 legs, and ducks have 2 legs. If twice the number of heads were equal to the number of legs, then it would be all ducks. The
extra 76 legs make 76 + 2 = 38 pairs of legs that will turn 38 of our assumed ducks into goats.

Workout 2

Problem 1. The mean of a set of consecutive integers is the middle number, or in this case, halfway between the two middle numbers. We need to
look at sets of consecutive integers that are centered around 3.5. We also might recall that 6! = 720. After some experimentation, we find that the
consecutive integers are 1, 2, 3, 4, 5 and 6. Their product is indeed 720, and their sum is 21.

Problem 2. Mr. Adler will get a $5000 raise, and Mr. Bosch will get a $7000 raise so that they both have salaries of $45,000. Mr. Bosch’s salary was
raised by 7000 + 38,000 x 100 = 18.4%.

Problem 3. We can see that Tim must have gotten at least 7 questions correct because 6 questions correct would have earned him a maximum of
only 5 x 6 =30 points. If he got 7 questions correct, he earned 5 x 7 = 35 points so he could have gotten 2 questions wrong, for 2 x (-2) =—4, and 1
question blank to get him to 31 points. Thus, the ordered triple is (7, 2, 1).

Problem 4. The square root of 72,361 is 269. If we divide this by 3, we will be in the ballpark of our three consecutive primes. The primes are 83, 89
and 97, so the largest is 97.

Problem 5. The diameter of the sphere also must be 10 meters, so the radius is 5 meters. The formula for the volume of a sphere is (4/3)xr’ so the
volume of our sphere is (4/3) x 1 x 5° = (4/3) x 1 x 125 = (500/3)x. At this point, we have to decide what value of 7 to use. If we use 7 = 3.14, we get
(500/3) x 3.14 = 523.3 cubic meters to the nearest tenth. If we use m ~ 3.142, we get (500/3) x 3.142 = 523.7 cubic meters to the nearest tenth. If we
use m~ 3.1416, we get (500/3) x 3.1416 ~ 523.6 cubic meters to the nearest tenth. After that, any additional digits of = will not change the result so we
should go with 523.6 cubic meters. Note: Rather than using approximations, the m key of your calculator should be used.
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Problem 6. Using distance/rate = time, Anna runs to her friend’s house in (1mile/8mph) x 60 = 7.5 minutes. Anna runs back from her friend’s house
in (Imile/6mph) x 60 = 10 minutes. Thus, it takes her 10 — 7.5 = 2.5 minutes longer to run back from her friend’s house than it took her to run to her
friend’s house.

Problem 7. If the other leg and hypotenuse are consecutive whole numbers, let’s call them » and n + 1, respectively. Then we solve the Pythagorean
equation for n as follows: 29° + 15’ = (n+ 1)2 =841+n =n"+2n+1= 841 =2n+ 1 = 840 = 2n = n = 420. This means the other leg is 420 units,
and the hypotenuse is 421 units. Their sum is 841 units, which is the square of 29. Incidentally, you can generate Pythagorean Triples in this way with
any odd number. Take the odd number as one leg, and split the square of the odd number into two consecutive whole numbers to get the other leg and
the hypotenuse.

Problem 8. There are 4* =4 x 4 x 4 x 4 =256 possible four-digit numbers that use the digits 2, 4, 6, 8 with repetition allowed. Of these, only 4! =
4 x 3 x2x1=24do not have a repeated digit. That means the other 256 — 24 = 232 numbers must have at least one of their digits repeated two, three
or four times. The probability that one of these is selected at random is 232/256 = 29/32.

Problem 9. Remy’s score of 204 is 46 points above his new average of 158. Since his new average of 158 is 2 points above his previous average of
156, we can imagine that the extra 46 points are distributed, 2 points each, among his previous 23 games. Now we know he has played 24 games. If
he wants his 25th game to bring his average up to 159, he will need a total of 25 x 159 = 3975 points. Right now he has 24 x 158 = 3792 points. The
difference, 3975 — 3792 = 183 points, is what he must bowl in the next game. We also could see that he needs to bowl the desired average of 159 plus
an extra 24 points to distribute among his previous 24 games, which is 159 + 24 = 183.

Problem 10. The positive square root of 200 is 1072, or about 14.142. The positive square root of 121 is 11. Dividing 14.142 by 11, we get about
1.2856. Subtracting the 1 and multiplying by 100, we see that ¥200 is about 29% larger than V121.

Warm-Up 5
Problem 1. A distance of 1 meter is 50 times 2 cm, so the actual distance between the two cities is 50 times 2.5 km, which is 125 km.

Problem 2. If the ratio of the two complementary angles is 4 to 5, then there are 9 equal parts making up the full 90 degrees. That means each part is
10 degrees, and the two angles are 40 degrees and 50 degrees. When the 40-degree angle is increased by 10%, we get 44 degrees. The 50-degree angle
must drop down to 46 so that the two angles remain complementary. Dividing 46 by 50, we get 0.92, or 92%. The larger angle must decrease by 8%.

Problem 3. If we record the differences between consecutive numbers in the pattern, we get 1, 1,2, 2, 3, 3,4, 4, 5, 5, etc. We could extend this pattern
to the 25th term, or we could try to think of a direct way to calculate the 25th term. We might realize that the 25th term is the second of two terms that
are 12 more than the previous term. If we start with 1, we need to add two times the sum of the numbers 1 through 12. Thisis 1 +2(1 +2+ ...+ 11 +
12)=1+2(6 x 13) =1+ 12 x 13 =157. (A sum of consecutive counting numbers starting with 1 is a triangular number. When we have two triangular
numbers, we can make “oblong numbers,” which are rectangles that are » by n + 1. Our 25th term is one more than the 12th oblong number, which is
1+12x13=157.)

Problem 4. If six numbers have a mean of 83.5, then the sum of the numbers is 6 x 83.5, which is 501. The five known numbers have a sum of 419,
so the value of x must be 501 — 419 = 82. To find the median of our six numbers, we arrange them in order from least to greatest as follows: 80, 82,
83, 84, 85, 87. The median is the average of 83 and 84, which is, coincidentally, 83.5.

Problem 5. To deal with the possibility of a second scoop, let’s just say that there are four flavors for the second scoop, one of which is no extra
scoop. Thus, there are 2 cone options, 3 first-scoop options and 4 second-scoop options which is 2 x 3 x 4 = 24 possible orders.

Problem 6. Let’s call the first integer . Then the second integer is 27, and the third integer is 2 x 2n = 4n. The difference between 4n and n is 3n, but
17 is not a multiple of 3. The difference between 4n and 2 is 2n, but 17 is not a multiple of 2. The only difference that works is between 2x and n,
which is n, meaning that » is 17. The three numbers are 17, 34 and 68. Their sum is 119.

Problem 7. If the width of the rectangular playground is w, then the length is 2w + 25. A perimeter of 650 feet means the semi-perimeter is 325 feet.
The width plus the length equals the semi-perimeter, so w + 2w + 25 = 325. That means 3w = 300, so w = 100 feet. The length must be 2 x 100 + 25 =
225. The area of the playground is 100 x 225 = 22,500 square feet.

Problem 8. We need to look at equivalent ratios for both classes until we find two that have the same total boys as total girls. If the first class had 12
boys and 10 girls, and the second class had 3 boys and 5 girls, then we would have a combined total of 15 boys and 15 girls, which is a 1 to 1 ratio.
Unfortunately, this is not the correct solution because the second class would have fewer than 10 students. If we double the numbers of boys and
girls in this second class, we get 6 boys and 10 girls. We now need to go to the fourth multiple of the 6 to 5 ratio in the other class to make up for
the four fewer boys. Thus, the first class must have 24 boys and 20 girls. The number of students in the two classes is 30 boys and 30 girls, which

is 60 students. We also can solve this without using Guess and Check. The first ratio tells us there will be 6x boys and 5x girls for some value of x.
The second class will have 3y boys and Sy girls for some value of y. Together they will have 6x + 3y boys and 5x + 5y girls. When we set these equal
(getting our desired 1:1 ratio), we have 6x + 3y = 5x + 5y, which simplifies to x = 2y. So if y = | then x =2, and we have 12 boys/10 girls and

3 boys/5 girls. Unfortunately, there are not 10 students in the second class. So let’s do y =2 and then x = 4, giving us 24 boys/20 girls and

6 boys/10 girls for a total of 30 boys and 30 girls, which is 60 students.

Problem 9. Suppose we put the two circles in opposite corners of the rectangle so that the circles are tangent to the
sides of the rectangle, and they are diagonally across from each other. Then the center of each circle is 3 inches in from
each side of the rectangle that it touches. Now imagine a rectangle that has opposite corners at the centers of these
circles. This smaller rectangle measures 8 inches by 6 inches. The diagonal of this rectangle is the greatest possible
distance between the centers of the two circles. It helps if we recognize that these lengths are 3 x 2 and 4 x 2, which
means we have a multiple of the 3-4-5 Pythagorean Triple. Thus, the length of the diagonal must be 5 x 2 = 10 inches.
Indeed, 8%+ 6" = 64 + 36 = 100 = 10°.
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Problem 10. The prime factorization of 78 is 2 x 3 x 13, so the largest prime factor is 13.

Warm-Up 6

Problem 1. A square on the diagonal of another square has twice the area. Square II is 2 square units, and m i
square III is 4 square units.

Problem 2. Based on the 4-inch difference in their heights, Sue and Joe could be either 60 and 64 inches, respectively, or 64 and 68 inches. But the
girls are the three shortest students, so Sue has to be 60 inches and Joe is 64 inches tall. Since Steve is 1 inch shorter than John, he must be 68 inches
and John must be 69 inches. Mary is the shortest at 58 inches, so Lisa must be 63 inches tall. The sum of John’s and Lisa’s height is 69 + 63 =

132 inches.

Problem 3. The average of x, y and z is (x + y + z)/3. Twice the average of y and z is just the sum of y and z. Hence, we can write the equation
(x +y+z)/3 =y+z Multiplying both sides of the equation by 3, we get x + y + z =3y + 3z. Now we subtract y and z from both sides and find that
x=2p+2z 0rx=2(y+2).

Problem 4. Rearranging the equation to isolate y gives us y = 20x” + 24. We could determine what y is for different possible values of x, but we
know that 20x” must be as small as possible. Since 20x% is a square, we know that it’s never negative. Thus, x must have the smallest absolute value
possible, which in this case, means that x = 0. Plugging 0 in for x, we find that the smallest value for y is 24.

Problem 5. If the current price of $30 is after a 50% reduction, then the Lux basketball shoes must have been 30 x 2 = $60 before. That $60 price
was after a 25% reduction. When 25% of the price is removed, the remaining portion is 75%, or 3/4 of the price, which means the original price
must have been $60 x 4/3 = $80 or $80.00.

Problem 6. The surface of the 2-by-4-by-8 rectangular solidis 2 x (2 x4 +2 x 8+ 4 x 8) =2 x (8§ + 16 +32) =2 x 56 = 112 square units. The
surface area of the 4-by-4-by-4 cube is 6 x 4 x 4 = 96. The difference, 112 — 96 = 16, is the number of painted unit-cube faces that are hidden in the
interior of the cube. To confirm this, let’s imagine how the unit cubes would be arranged. The 8 corners from the rectangular solid must become the
eight corners of the cube since these cubes each have three faces painted. The 32 cubes that were along the edges of the rectangular solid but not on
the corners have two faces painted. The 4-by-4-by-4 cube will need only 24 of these, which leaves 8 extra unit cubes with two faces painted. There
are 24 unit cubes from the centers of the largest rectangular solid’s faces that have only one side painted. The 4-by-4-by-4 cube will need exactly
these 4 for the centers of each face, which is a total of 24. That leaves the 8 extra unit cubes with two faces painted—a total of 8 x 2 = 16 unit-cube
faces—hidden in the very center of the 4-by-4-by-4 cube.

Problem 7. The 2009 calendar will start on a Thursday. Since 365 + 7 leaves a remainder of 1, the 2010 calendar will start on a Friday. Similarly,
2011 will start on a Saturday, and 2012 will start on a Sunday. But there will be 366 days in 2012, which means that 2013 will start on a Tuesday.
Then 2014 will start on a Wednesday, and finally 2015 start on a Thursday and will be the same calendar as 2009.

Problem 8. Two-thirds of 6 is 4, so there must be at least 4 questions for which true is the correct answer. If there are four Ts, then there are two Fs.
There are 6 x 5 + 2 = 15 different patterns. If there are five Ts, then there is just one F, and there are 6 different patterns (or places to put the F). If
there are six Ts, then there is just 1 pattern. That’s 15 + 6 + 1 = 22 different True/False answer patterns.

Problem 9. The value of (2  4) is (1/2) + (1/4) + (1/2%) + (1/4%) = (1/2) + (1/4) + (1/4) + (1/16) = 17/16.

Problem 10. If the clever shopper takes $4 off followed by 20% off, the book will cost 0.8 x ($25 — $4) = 0.8 x $21 = $16.80. If she takes 20% off
followed by $4 off, it will cost (0.8 x $25) — $4 = $20 — $4 = $16.00. She will save $16.80 — 16.00 = $0.80 = 80 cents by taking the better-valued
approach.

Workout 3

Problem 1. If the car averages 60 mph in the first 240 miles, then it took 240 + 60 = 4 hours to do it. That leaves 616 — 240 = 376 miles and 9 — 4 =
5 hours to go. If the car averages 80 mph in the next 160 miles, then it took 160 + 80 = 2 hours to do it. Now the car has 376 — 160 = 216 miles and
5 —2 =3 hours to go. The car must average 216 + 3 = 72 miles per hour for the remainder of the trip.

Problem 2. Since 30/14 = 15/7 =2 '/,, the front wheels of the buggy must rotate more than twice as many times as the rear wheels. The rear wheels
cover 2 x 30 x ©= 60~ 60 x 3.14159 = 188.4954 inches of ground with each rotation. That’s about 63,360 + 188.495 ~ 336.13552 revolutions

in one mile or 188.4954 + 12 = 15.70795 feet per revolution. The front wheels will cover 2 x 14 x 1 =28n =~ 28 x 3.14159 ~ 87.96452 inches of
ground with each rotation. That’s about 63,360 + 87.96452 ~ 720.2904 revs in one mile. The positive difference in the number of revolutions of
the front and rear wheels is 720.2904 — 336.13552 = 384.15488 ~ 384, to the nearest whole number. Ideally, students will solve the problem by
simplifying the following expression with their calculators and using the « button: (63,360 + (287)) — (63,360 + (607)) ~ 384.1546, or 384 to the
nearest whole number.

Problem 3. At the moment that Rex completes the one-mile run, Stan has one minute to go and 1/6 of the distance, which is 1/6 x 5280 = 880 feet.
At that same moment, Tim has two more minutes to go and 2/7 of the distance, which is about 2/7 x 5280 = 1508.6 feet. Thus, Tim trails Stan by
1508.6 — 880 = 628.6 feet.

Problem 4. First of all, we should convert 480 inches to feet, which is 480 + 12 = 40 feet. The rectangular solid box contains 2.75 x 4.05 x 40 =

445.5 cubic feet. One cubic yard measures 3 feet by 3 feet by 3 feet and contains 27 cubic feet. Thus, the box must contain 445.5 + 27 =
16.5 cubic yards.
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Problem 5. Since the measure of angle BAC is 42, the other two equal angles of triangle ABC must be (180 —42)/2 =

138/2 = 69 degrees each. We will introduce the point F, which is the center of the circle, and draw segments from each vertex

to F. Since segment ED is tangent to the circle at point C, it must be perpendicular to radius CF. Angle BAC is bisected by D
segment AF, so angle FAC is 21 degrees. Angle FCA is also 21 degrees since triangle AFC is isosceles. Thus, the measure of

angle ACD is 90 — 21 = 69 degrees, which is the same as the two base angles of triangle ABC. B C

E

Problem 6. To find the sum of the positive odds less than 100, we imagine adding 1 and 9, 3 and 97, 5 and 95, etc. In all, we can make 25 pairs that sum
to 100, which is 2500. The positive, two-digit multiples of 10 contribute another 450, and the sum of 4, 16 and 64 is 84. In all, we have 2500 +

450 + 84 = 3034. There are 50 + 9 + 3 = 62 numbers in our data set, so the mean (average) is 3034 + 62 = 48.935 to the nearest thousandth. The median
of the odds less than 100 is 50. When the two-digit multiples of 10 are added, the median is still 50. However, when 4 and 16 are added on the lesser side
and 64 is added on the greater side, the median of the 62 numbers becomes the average of 50 and 49, which is 49.5. The positive difference between the
median and the mean of the set of numbers is thus 49.5 — 48.935 = 0.565.

Problem 7. Ryosuke traveled a distance of 74,592 — 74,568 = 24 miles between the time he picked up his friend and when he dropped him off. Since his
car gets 28 miles per gallon, he used 24/28 or 12/14 of a gallon. At $4.05 per gallon, the cost of the trip is about 12/14 x 4.05 =~ $3.47.

Problem 8. The prime factorization of 84 is 2> x 3% 7, the prime factorization of 112 is 2* x 7, and the prime factorization of 210 is 2 x 3 x 5 x 7. The
greatest common factor of the three numbers is the product of all the prime factors that they have in common, which is 2 x 7 = 14.

Problem 9. If 10 men take 6 days to lay 1000 bricks, then 20 men should take 3 days to lay 1000 bricks. If 20 men are to lay 5000 bricks, then it should
take 5 x 3 =15 days.

Problem 10. Ayushi must have 1 quarter and 5 pennies. If two coins are selected at random, there is a 5/6 x 1/5 = 1/6 chance that Ayushi will select a
penny and then the quarter. There is a 1/6 x 5/5 = 1/6 chance that Ayushi will select the quarter and then a penny. There is a 5/6 x 4/5 = 2/3 chance that
Ayushi will select two pennies. Only the last of these options amounts to less than 15 cents, so the probability is 2/3.

Transformation & Coordinate Geometry Stretch

Problem 1. Since only the y portions of the coordinates move, we know that the line of reflection must be a horizontal line. Now we just need to find the
midpoint between an original point and its reflected image to pinpoint the location of the line. The y-coordinate of point A is 3 and the y-coordinate of A’
is —5; therefore, the midpoint is at (2, —1). The line of reflection is y = —1.

Problem 2. We know that, for a triangle, area = 1/2(base)(height), which equals 30 in this problem. We also know that the height of the triangle is 4 if
we use the horizontal leg on the x-axis as the base. Now we can plug this information into the equation to find the length of the base that runs along the
x-axis. The equation is (1/2)(b)(4) = 30, so b = 30/2 = 15. Since the 3rd vertex is on the x-axis we know that it extends straight left 15 units from the
vertex at (0, 0), bringing us to the point (—15, 0).

Problem 3. When an image is translated to the right we just add the number of units it is being translated to the original x-coordinate. When an image
is translated down we just subtract that number of units from the y-coordinate. In this case we’ll subtract 2 from the y-coordinates and add 3 to the
x-coordinates. This will make point B(6, 5) move to B'(6 + 3, 5 —2) = (9, 3).

Problem 4. In a regular pentagon each vertex is 360°/5 = 72° away from the adjacent vertices. This means that if a point is rotated counterclockwise
144°, it rotates 144/72 = 2 vertices counterclockwise. Thus, vertex C would land where vertex N is.

Problem 5. When an image is reflected over an axis, the opposite coordinate changes sign. So if you translate over the y-axis, the x-coordinate changes
sign; and if you translate over the x-axis, the y-coordinate changes sign. In this case, we reflect over both the y-axis and x-axis, causing both signs to
change. Point A was originally (—10, 2), which means the final image has A at (10, —2).

Problem 6. When we rotate images 90° the coordinates switch places, and the signs are adjusted based on whether or not an axis was crossed. In this
case, rotating point A 90° will bring it across the y-axis into Quadrant I, which means both the x and y will be positive. The original point A was at (—4, 1)
so the final image will be at (1, 4). We also could solve this problem by seeing that the slope of the segment from the origin to A is —1/4. If A is moving
to a location that is a 90° rotation about the origin, it will move to a point on the segment perpendicular to the one that currently connects it to the origin.
This will be the segment that has a slope of 4/1 or —4/—1 from the origin which puts us at (1, 4) or (—1, —4). The point (1, 4) is in the counterclockwise
direction we need.

Problem 7. By looking at the diagram provided, we can see that the line containing the point of rotation lands on top of itself, but the arrow is facing the
opposite direction. This tells us that 1/2 of a full 360° rotation was completed; therefore, the image rotated 360°/2 = 180° about point C.

Problem 8. Since the image is reflected across the y-axis first, we will just change the sign of the x-coordinate, which will give us (2, 6). Next the image
is shifted down 8 units so we will subtract 8 from the y-coordinate, giving our image a final center of (2, —2).

Problem 9. With the center of dilation at the origin and a scale factor of 2, all the coordinates of square ABCD are twice the coordinates of its preimage.
The preimage has an area of 4 square units, so its side length is 2 units. Since the center of the preimage is at (8, —8), the four vertices of the preimage
are at (7,-9), (7, -7), (9, —7) and (9, —-9). The point (9, —9) is the farthest from the origin on the preimage, so the point farthest from the origin on the
image of square ABCD is (18, —18).

Problem 10. Lines that are parallel have the same slope. In this case, AB has a slope of (0 — (—4))/(—4 — 0) = —1. This now must be the slope for XY.
Now we can use the equation y, =y = m(x, — x)) to find the value of k. Plugging in the coordinates for Y and X we find that k — 8 = —1(14 — 0), thus k =
—14 + 8 =—6. We also could see that from (0, 8) to (14, k) we are moving 14 units right, so we also must move 14 units down to get a slope of —14/14 =
—1. Moving 14 units down from (0, 8) lands us at (0, 8 — 14) or (0, —6), so k =—6.
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Warm-Up 7

1. minutes  Erik can set up and burn a single CD on his computer in o=
3.5 minutes. At this rate, how long will it take Erik to setup 0)\\"?\ —®
and burn 20 of this same CD?

2. What is the value of x in the equation (2*)(30%) = (23)(3%)(4%)(5%)?

3. A Mersenne Prime is defined fo be a prime number of the form 2" - 1 where n

must itself be a prime. For example, since 2% -1=7 and 3 is a prime number, 7 is a
Mersenne Prime. What is the largest Mersenne Prime less than 200?

4, apples  Jenny can trade 4 oranges for 3 apples or 3 oranges for 7 lemons. How many apples
would she need in order to trade for 56 lemons?

5. A trapezoid has coordinates of (-4, 0), (4, 10), (4, 30) and (-4, 40). What is the
ratio of its area in the first quadrant to its area in the second quadrant? Express
your answer as a common fraction.

6. What is the sum of all the perfect squares between 5 and 30?

7. sq inches  Two concentric circular regions have radii of 1 inch and 10 inches. What is the areaq,
in square inches, outside the smaller region, but inside the larger region? Express
your answer in terms of m.

Outcome | # of Occurrences
8. A standard six-sided die was rolled 50 times, 1 14

and the outcomes are shown in the table. What 2 5
is the average of the 50 outcomes? Express 3 9
your answer as a decimal to the nearest 4 7
hundredth. 5 7
6 8
9. assort. Maraya is going to buy six cookies at the bakery. She will choose from sugar,

ginger, chocolate, and peanut butter cookies. How many different assortments
of cookies can she buy if she will buy at least one of each of the four kinds of
cookies?

10. sqmeters Side CD of rectangle ABCD measures 12 meters, as shown. Each of the three
triangles with a side along segment CD is an equilateral triangle. What is the total
area of the shaded regions. Express your answer in simplest radical form.

12 meters
A B
D c
Problem # 1 is from the 2008 Chapter Sprint Round
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Warm-Up 8

1. °F The number of times a cricket chirps per minute is linearly related to
the temperature in degrees Fahrenheit. A cricket chirps 120 times
per minute at 67°F and 164 times per minute at 78°F. What would the
temperature be if the cricket chirped 172 times per minute?

2. The mean and median of a set of 9 distinct positive integers is 13. What is the
maximum possible value for the largest integer in the set?

3. What is the sum of all of the two-digit primes that are greater than 12 but less
than 99 and are still prime when their two digits are interchanged?

4. Three standard dice are rolled. What is the probability that the sum of the
numbers on the tops of the three dice is 17 or greater? Express your answer as a
common fraction.

5. What digit is in the units place in the expansion of 7%?

6. points - A square has vertices at (3,0), (0,3), (-3,0) and (0,-3). A larger square has
vertices at (6,0), (0,6), (-6,0) and (0,-6). How many total points with two integral
coordinates are strictly inside the larger square region but strictly outside the
smaller square region?

7. The sum of six consecutive odd integers is 348. What is the largest of the six
integers?

8. units  The 12 edges of the cube shown are each 8 units long. If point
B is the midpoint of the edge it is on, what is the length of the .-1B
dotted segment AB?

A
9. people A group of friends always goes out to dinner and splits the
total cost of the bill equally. This time when they went out the
bill totaled $192. Since two of the friends had just celebrated
their birthdays, the rest of the group was freating those two to
dinner. The remaining friends each had to pay an additional $8 to
cover the bill. How many people were in the entire group?

10. If x+1=2008, for what positive integer kwill x* + x = 2008k?

10 MATHCOUNTS 2008-2009
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Workout 4

1. sqin Tna particular right triangle, the two legs have lengths of 40 inches and 42 inches.
What is the area of the triangle?

2._C_ . )  GivenR(-6, 19) and S(14, -6), what are the coordinates of the point on segment RS
two-fifths of the distance from R to S?

D “

3. cm In the trapezoid shown, the ratio of the area of triangle

ABC to the area of triangle ADC is 7:3. If AB+ (D =

210 cm, how long is segment AB?

A B

4. % If ais 80% larger than b, cis 50% larger than b, and b = 100, then a is what

percent larger than c?
5. integers Tf x is a real number, at most how many integers can lie between the numbers

_ 2008 2009
X - 5007 and X+ 3658 ?

A tire measures 20 inches in diameter. How many revolutions will the
tire have completed when it has traveled 100 yards? Express your
answer to the nearest whole number.

6. revs

7. hits A batter currently has 60 hits with an average of 0.333, to the N
nearest thousandth. How many consecutive hits will the batter
need to improve his batting average to 0.500 exactly? cf 7
8._( . ) Thegraphof 3x- 2y =10 passes through one lattice point in the fourth quadrant.

What are the coordinates of that point expressed in the form (x, y)?

9. inches A central angle of 90 degrees is drawn in a circle with a radius of ‘
4 inches. How many inches longer is the intercepted arc than the a
chord associated with the arc? Express your answer as a decimal
to the nearest tenth.

10. What is the 2009th term in the arithmetic sequence whose first four ferms are
2,9,16,23?
MATHCOUNTS 2008-2009 1
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Warm-Up 9

An “increasing humber" is a positive integer whose digits are in strictly increasing
order from left o right. How many two-digit increasing numbers are there?

In an equation of the form k = ax? + bx + c with a> 0, the least possible value of k
occurs at x = —b/(2a). In the equation k = (6x + 12)(x — 8), what is the least possible
value for k?

In triangle PQR, point T is on PRand point S is on PQ such that TS || RQ. The
measure of ZRPQ is 65°, and the measure of ZTSQ is 145°. What is the measure
of /PRQ?

The equation x* - 1Ax + AO = O has positive integer solutions where A is a positive
single digit. How many such As exist? (Since A is representing a digit, if A = 2 then
AO represents the integer 20.)

Three friends Melanie, Jose and Alex share a sum of money.
Melanie has 50% more money than Jose. Jose has 50% more
money than Alex. If Alex has $80, how much do the three
friends have altogether?

Each marble in a container is either red, white or blue. A marble is drawn at
random. The probability of picking a white or blue marble is % . The probability of
picking a red or white marble is §. There is a total of 18 white and blue marbles in
the container. How many red marbles are there?

K,

Anthony made 5 of his first 12 free throw attempts. If he makes % of his next
24 attempts, by how many percentage points will he increase his overall success
rate percentage? Express your answer to the nearest whole number.

Four concentric circles are drawn with radii of 1, 3, 5 and 7. The inner circle is
painted black, the ring around it is white, the next ring is black and the outer
ring is white. What is the ratio of the black area to the white area? Express your
answer as a common fraction.

What is the least possible value of the sum |x-1/+|x-1.5/+|x-2|?

What is the measure of the smaller angle between the hands of
a 12-hour clock at 12:25 pm? Express your answer a decimal to
the nearest tenth.

MATHCOUNTS 2008-2009

8/18/08 11:39:17 AM



Warm-Up 10

1. A game is played in which the player flips a fair coin. If a head shows on the first
flip the player gets nothing and the game ends. If a tail shows on the first flip,
the payout is $2 and the player continues to flip the coin until a head

) shows or she has flipped the coin ten times at which time the game
\v ends. The total payout doubles for each tail that shows in succession.
=z What is the probability that a player earns at least $10? Express your
answer as a common fraction.
2. If (x2- K)(x+ k) = x3+ k(x? - x-5) and k# 0, what is the value of k?
3. % To be eligible for an algebra class, a student must have an average of at least 83%

over all four quarters in his or her pre-algebra class. If Fisher had an 82%, 77%
and 75% in the first three quarters, what is the minimum score he must earn in the
4th quarter to move on to algebra?

4, units  The hypotenuse of a right triangle whose legs are consecutive whole numbers is
29 units. What is the sum of the lengths of the two legs?

5. xaps Twelve zaps weigh the same as 9 yaps. Seven xaps weigh as much as six yaps. How
many xaps weigh as much as 32 zaps?

6. What is the remainder when 32°% is divided by 5?

. 1.1, 1 _1 _1
7. What is the value of the sum 2 T &+ 12 .-+ 553y T -+ + 5960 ? Express your
answer as a common fraction.

8. In the FreeWheelin' Skate Shop exactly % of the skateboards are red and exactly
% of the scooters are red. If there is an equal number of red skateboards
and red scooters in the shop, what fraction of the total
skateboards and scooters together are red? Express your
answer as a common fraction.

9. What is the next number in the following sequence: 2, 6, 30, 210, 2310, 30030, .. .?

10. Let the relationship M A N be defined as M A N =3M - 7N for any integers M and
N. For instance, 1 A 4 would have a value of 3(1) - 7(4) = -25. If PA 5 = -41 for
some integer P, what is the value of P?

MATHCOUNTS 2008-2009 13
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Workout 5

1. The first 100 counting numbers are A B c D E
arranged in columns as shown. What 1 2 3 4 5

will be the sum of all of the numbers in 10 9 8 7 6

column C? 11 12 13 14 15

20 19 18 17 16

2. inches ° A cone has a volume of 12,288 cubic inches, and the vertex angle
YA \ of the vertical cross section is 60 degrees. What is the height of

the cone? Express your answer as a decimal o the nearest tenth.
N4

3._( . ) Whatis the ordered pair of positive integers (a, b), with b as small as possible, for
which £ <2 <iL 2

4. All pairs of prime numbers a and b whose sum is 61 are written as (a, b), where b is
greater than a. What is the sum of all the unique differences of b - a?

5. units The lines 3x + 4y = 36, x= 0 and y = O enclose a triangular region. What is the
shortest distance, in units, from the origin to the opposite side of the triangular
region? Express your answer as a mixed number.

6. When some positive two-digit integers are squared, the last two digits of the square
are the same as the original two-digit integer. That is, sometimes (ab)? equals _ab or
_ _ab. What is the sum of all such positive two-digit integers?

7. pts of Connect each point labeled on line AD with each point labeled on line A B ¢ D
intersect  EH. What is the total number of points of intersection between lines
AD and EH that are created by the newly drawn segments? (Note: No
three segments intersect at one point between the lines AD and EH.) EF GH

8. quarts @ A container holds 4 quarts of maple syrup. One quart of the contents is
/—%\ removed, replaced with one quart of corn syrup, and the result is thoroughly
@ mixed. If this operation is repeated 1 more time, how many quarts of maple
syrup have been taken out by these 2 removals? Express your answer as a
— mixed number.
A
9. inches A greeting card is 6 inches wide and 8 inches tall. Point A is 3 inches from the : ,,,,MB
fold, as shown. As the card is opened to an angle of 45 degrees, through how 8 ithi,

many more inches than point A does point B travel? Express your answer as a
common fraction in terms of =.

o

10. bulbs ( The town of Dutchville was planning to hold a tulip festival. In a local park,
4500 tulip bulbs were planted. By April 1st, two-thirds of the 4500 bulbs had
bloomed. The next day the same fraction of the remaining bulbs bloomed. How
many bulbs bloomed by the end of the day on April 2nd?

Problem #9 is from the MCP February Challenge.
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Warm-Up 11

1. _C . ) TIf A(-3,5),B(7,12), C(5, 3) and D are the four vertices of parallelogram ABCD,
what are the coordinates of point D?

2. dimes  Susie has 5Q + 1 quarters, and Richard has Q + 5 quarters. If they were to each
exchange their quarters for the same amounts of money in dimes, how many more
dimes than Richard would Susie have? Express your answer in terms of Q.

3. years Tn ten years, Carla will be twice as old as Marla is now. Ten years ago, Terry was
old twice as old as Marla was then. Today is their birthday, and the sum of their three
ages now is 130. How old is Marla now?

4, Two higs and 4 gihs equal 22. Two gihs and 14 higs equal -28. What is the value of
7 higs and 3 gihs?

5. Side AB of triangle ABC is twice as long as side PQ of square PQRS. The areas of
triangle ABC and square PQRS are the same. What is the ratio of the length of the
altitude from point C in triangle ABC to the perimeter of square PQRS? Express
your answer as a common fraction.

6. integers  Four-digit integers are formed using the digits 2, 3, 4 and 5. Any of the digits can
be used any number of times. How many such four-digit integers are palindromes?
Palindromes read the same forward and backward.

7. There is an operation @ such that a @ b = @® + b%. What is the value of 2 @ 5?

members' average dinner price. By what percent would the
bill be decreased if Zac ordered a dinner costing the average
of the other nine students’ dinners? Express your answer to
the nearest tenth.

Ten students go out to dinner, and one of the students,
@ Zac, orders a dinner that costs 136% of the other 9 group
"o

9. feet The diagonals of a rhombus measure 18 feet and 12 feet. What is the perimeter of
the rhombus? Express your answer in simplest radical form.

10. squnits Circle A has its center at A(4, 4) and has a radius of
4 units. Circle B has its center at B(12, 4) and has a
radius of 4 units. What is the area of the gray region

bound by the circles and the x-axis? Express your
answer in ferms of . L AA
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2.
3. ovbs
4. sqin
5.
6. sq cm
7. hours
8.
9. marbles
10. people
16
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Warm-Up 12

(@‘ Eddy and Drew start driving the 60 miles from Exeter to
/2 Lexington at the same time. Eddy travels 4 miles an hour
slower than Drew, and each travels at a constant rate.

Drew reaches Lexington and immediately turns back and

meets Eddy 12 miles from Lexington. What was Eddy's
rate?

What is the sum of the positive odd integers starting with 5° and ending with 7°?

One-third of the DVDs returned to Rent-A-Flick on Saturday were
on-time weekly rentals. One-half of the DVDs returned on Saturday
were on-time one-day rentals. Twelve overdue rentals also were
returned on Saturday. How many DVDs were returned Saturday?

One angle of a parallelogram is 120 degrees, and fwo consecutive sides have lengths
of 8 inches and 15 inches. What is the area of the parallelogram? Express your
answer in simplest radical form.

Consider the array of letters ABBCCCDDDDEEEEE... . What letter is in the 200th
position?

The area of a rectangle is 432 square centimeters. What would the new area be if
the length of the rectangle was decreased by 10% and the width of the rectangle
was increased by 10%? Express your answer to the nearest whole number.

A certain water storage tank has two drains. When only drain A is open, the entire
full tank can be drained in 3 hours. When only drain B is open, the entire full tank
can be drained in 5 hours. There is also a supply pipe that can fill the empty tank in
2 hours. If the tank starts out full, both drains are opened, and the supply pipe is
turned on all at the same time, how many hours will it take to empty the tank?

If x2-x-1=0, what is the value of x3 - 2x + 1?

Three boys—Wayne, Martin and Joe—agree to divide a bag of marbles in the
following manner: Wayne takes one more than half the marbles. Martin takes a
third of the humber remaining. Joe finds that he is left with ten more marbles than
Martin. What is the original number of marbles?

In the land of Noggin Knockers, the inhabitants greet each other
by bumping heads. At a certain gathering a total of 36 bumps were
exchanged. If each person there bumped heads exactly once with
each other person, how many people were at the gathering?
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Workout 6

1. The lines -2x + y = kand 0.5x + y = -14 intersect when x = -8.4. What is the value
of k? Cc
2. units Tn the figure, square WXYZ has a diagonal of 12 units. Y

Point A is a midpoint of segment WX , segment AB is
perpendicular to segment AC, and AB = AC. What is the
length of segment CB?

w A X B

3. % An equilateral triangle has sides of length 2 units. A second equilateral triangle is
formed having sides that are 150% of the length of the sides of the first triangle.
A third equilateral triangle is formed having sides that are 150% of the length of
the sides of the second friangle. This process is continued until four equilateral
triangles exist. What will be the percent of increase in the perimeter from the
first triangle to the fourth triangle? Express your answer to the nearest tenth.

4. In the sequence 1, _,9 25, _, ..., the ferms in the even positions are missing
while the terms in the odd positions have the property that the nth term of the
sequence is the square of n. Let each missing term be the arithmetic mean of the
two terms on either side. What is the 50th term of this sequence?

—)

5. units  What is the perimeter of the polygon formed when the points A(-6, 6), B(9, 6) and
C(9, -2) are graphed and connected with straight lines?

6. Usian each of the digits 3, 5, 7 and 9 exactly once in the expression of this sum,
I what is the larger of the two common fractions that would give a sum
between 0.75 and 1?

7. inches The surface area of a solid cylinder is found using the formula SA = 2nr? + 2nrh.
The volume of a cone is found using the formula V =3 mr?h. Judy has a solid cylinder
whose total surface area is numerically equal to the volume of a particular cone
that has a base congruent to the cylinder's base. If the height of both solids is 7
inches, what is the radius?

Heights for Room 304 Students

Height (in.) | Number of Students
56 1
8. inches 59 2 The heights, in inches, of all of the students in room
60 4 304 of Memorial Middle School are given in the table.
61 3 What is the mean height of all of the students in
62 3 this room? Express your answer to the nearest whole
63 3 number.
64 3
65 2
66 2
70 1
9. minutes -~ A housefly sits on the outer edge of a rotating circular ceiling fan with a diameter

of 6 feet. The fan rotates constantly at a rate of 20 revolutions per minute. How
many minutes had the housefly been on the fan during the time it took to travel
19,4047 feet? Express your answer to the nearest whole number.

10. minutes  An inlet pipe can fill an empty tank in 300 minutes by itself, and
an outlet pipe can drain the same tank when full in 420 minutes
by itself. If the tank is two-thirds full when the valves for both
pipes are opened, how many minutes will it take to fill the tank?
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1. ways

2. integers

10. units
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Warm-Up 13

In how many ways can $10.00 be changed into just dimes and
quarters, with at least one of each coin being used?

Two numbers are said to be relatively prime to each other if their GCF is 1. How
many positive integers less than 30 are relatively prime to 30?

An arithmetic sequence of 41 positive integers has a sum of 2009. If there is only
one one-digit integer in the sequence, what is that one-digit integer?

Circle A and circle D intersect at point C and point B.
Ray EC is perpendicular to ray EB. Circle A is tangent to
the rays at points B and C. Points E and A are on circle D.

What is the ratio of the radius of circle D to the radius
of circle A? Express your answer as a common fraction in ‘
simplest radical form.

Two numbers will be chosen at random and without replacement from the set {3,
6,9, 12, 15}. What is the probability that their sum will be divisible by 62 Express
your answer as a common fraction.

The sum of the squares of four consecutive positive integers is 734. What is the
smallest of the integers?

What is the sum of the last two digits of the sum 734 + 7352

Square I is inscribed in circle I, and square II is inscribed in circle II. The
perimeter of square I is 24+/2 inches, and the perimeter of square IT is

6~/2 inches. What is the ratio of the area of circle IT to the area of circle I?
Express your answer as a common fraction.

What is the sum of the roots of the equation 4x3 + bx2 - 8x = 0? Express your
answer as a decimal to the nearest hundredth.

A rectangle is twice as long as it is wide. If the width is increased by 25% and
the length is decreased by 25%, the resulting rectangle will have 200 fewer
square units of area than the original rectangle. What is the original width of the
rectangle?
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Warm-Up 14

1. pairs  How many ordered pairs of positive integers (a, b) satisfy 212 + ab = 224?

2. What is the smallest positive integer that leaves a remainder of 11 when divided
into 207?

3. Andy, Barbara and Christy play a game. Their probabilities of winning are 4,4 and

1, respectively. What is the probability that each of them wins exactly one of the
first three games played? Express your answer as a common fraction.

4, A function is written as y = (-x - 4)(x + 10). What is the greatest possible value
for y?
K

5. degrees In the figure with circle Q, angle KAT measures 42 degrees.
What is the measure of minor arc AK?

A

6. In rectangle WXYZ point A is on segment WX so that WA:AX = 1:2. Points B and C
are on segment YZ so that YB:BC:CZ = 2:1:1. Segments AB and CX intersect at point
; cd .
D. What is the value of 55? Express your answer as a common fraction.

7. integers  Two integers are defined as "partners” if both of their prime factorizations contain
all of the same prime factors. For example, 15 and 45 are partners since both are
divisible by the same set of prime numbers 3 and 5. How many positive integers
greater than 50 and less than 100 have at least one partner greater than 50 and
less than 100?

8. % If the height of a cylinder is increased by 20% and the radius is decreased by
20%, the volume of the new cylinder will be what percent of the original volume?
Express your answer to the nearest whole number.

9. pounds The force needed to loosen a bolt varies inversely with the length
of the handle of the wrench used. A wrench with a handle
length of 9 inches requires 375 pounds of force to loosen

a certain bolt. A wrench of 15 inches will require
how many pounds of force to loosen the
same bol+?

10. more Tf T have two more brothers than sisters and each of my brothers also has two
brothers more brothers than sisters, how many more brothers than sisters does my oldest
sister have?
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1. meters

2. inches

3. pennies

4. questions

6. points

7. feet

Workout 7

Billy walks up a steep incline at a constant rate. Charles starts walking up the
incline at the same time but walks % as fast. When Billy reaches the top he
starts down, but his rate is doubled. Charles continues to walk up the slope
at his same rate until they meet. If the length of the incline is 140 meters,

how far has Charles walked when they meet?

Two sides of an isosceles triangle are 10 inches and 20 inches. If the shortest side of a
similar triangle is 50 inches, what is the perimeter of the larger triangle?

Mom left a note for her three children, Mary, Kerry and Larry. It read: "I left some
pennies on the table for you." Mary came by at 3:00 and took one-third of the pennies
she found. Kerry came home at 3:30 and took one-third of the pennies she found. Larry
came in at 4:00 and took one-third of the pennies he found. If 24 pennies remained on
the table after Larry took his, how many pennies did Mom leave on the table?

Bill scored exactly 28% correct on the first part of a True/False test. On the second
part of the True/False test he was correct on exactly four questions. If he correctly
answered one-third of the questions on both parts of the test combined, what is the
fewest possible number of questions on the second part of the test?

Tristan and Devin are brother and sister. Their parents put a total of $200 a
month into a college account. Tristan just graduated from high school, and Devin
still has two years of high school left. Suppose Tristan and Devin each graduate
college 4 years after they graduate high school, and their parents will continue
to put $200 into the college account monthly until both children have graduated
from college. If there is $10,000 in the account right now, and the children each
only get money during their 4 years in college, how much money should each child
get per year in order to get an equal share (interest is not calculated)?

Consider the rectangle with vertices at (5, 4), (-5, 4), (-5, -4) and (5, -4). How many
points with two integer coordinates will be strictly inside this rectangular region?

A fly is on the edge of a ceiling of a circular room with a radius of 58 feet. The fly walks
straight across the ceiling to the opposite edge, passing through the center of the
circle. It then walks straight to another point on the edge of the ceiling but not back

starting point. If the third part of the journey was 80 feet long, how many total

;5 % through the center. The third part of the journey is straight back to the original

8. feet

10.

20
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feet did the fly travel over the course of all three parts?

Six boys stood equally spaced on a circle of radius 40 feet. Each boy walked to all of
the other non-adjacent persons on the circle, shook their hands and then returned to
his original spot on the circle before the next boy started his trip to shake hands with
all of the other non-adjacent boys on the circle. After all six boys had done this, what
is the least distance, in feet, that could have been traveled? Express your answer in
simplest radical form.

A particular number written in base 3 requires three digits (_ _ _;). When the number
is written in base 3 and base 4, the digits are the reverse of each other. What is this
number expressed in base 10?

The equation of Arnold's line is written as 324x - 432y = 14.6. Bernard's line is steeper
than Arnold's line but has a slope less than 0.80. The slope of Bernard's line can be
written as a common fraction with one digit in both the numerator and the denominator.
What is the positive slope of Bernard's line? Express your answer as a common fraction.
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Warm-Up 15

1. _C . ) At what point does the graph of 3x+ 4y = 15 intersect the graph of x2 + y? = 9?2
Express any non-integer coordinate as a common fraction.

2. What two palindromes on a 12-hour digital clock are 2 minutes apart? Note: This
clock does not show leading zeros. Therefore, the clock will read 1:01, which is a
palindrome, at one minute after one o'clock.

3. In trapezoid ABCD, the lengths of bases AB and CD are 8 and 17, respectively. The
legs of the trapezoid are extended beyond A and B to meet at point E. What is the
ratio of the area of triangle EAB fo the area of trapezoid ABCD? Express your
answer as a common fraction.

4. votes In an election with four candidates, the winner received 30 votes
more than one opponent, 35 more than a second opponent and
48 more than the third opponent. How many votes did the winner
receive if there were 87 votes cast in all?

5. sequences The first term of an arithmetic sequence is 1, another ferm of the sequence is 91
and all of the terms of the sequence are integers. How many distinct arithmetic
sequences meet these three conditions?

6. A right triangle with acute angles of 30 and 60 degrees has the same area as an
isosceles right triangle. What is the ratio of the square of the shortest leg of the
first triangle to the square of a leg of the second friangle? Express your answer as
a common fraction in simplest radical form.

7. What is the largest possible value of the integer nif 3" is a divisor of 301?

Mr. Silent won't tell anyone his age. He will only say if you divide his
age by 3 you get a non-zero quotient with a remainder of 1. If you
divide his age by 4, you get a remainder of 1. If you divide his age
by 5, you get a remainder of 1. What is the youngest Mr. Silent
could be?

9. Let's start with the expression ru - st. Independently, each of the variables r, s,
t and v will be assigned a value of -1 or 1 at random. What is the probability that
ru- st = 0? Express your answer as a decimal to the nearest tenth.

10. The finite sequence 1,2, 4,7, 8,11, 13, 14, 16, ..., 199 includes all integers strictly
between zero and 200 except those that are a multiple of 3 or a multiple of 5.
What is the 100th term of this sequence?

Problem #5 is from the 2008 State Sprint Round.
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Warm-Up 16

1. A warehouse contains 185 boxes of the same size. Each box contains at least 64
oranges and at most 89 oranges. Boxes containing the same number of oranges
are stacked one on top of another in their own stack. Not all of the stackes have
the same number of boxes. The largest stack has x boxes. What is the smallest
possible value of x?

2. miles Anastasia runs at a steady speed of 12 miles per hour, while Kristina runs
at a steady speed of 10 miles per hour. They both start at the same spot on
a circular track %-mile long and run in opposite directions. How many miles
will Anastasia have run when they meet for the 30th time? Express your
answer as a mixed number.

3. units In the figure ZABC and ZADB are each right angles. Additionally,
AC = 17.8 units and AD = 5 units. What is the length of segment DB? D

4, years The Gleason family had 6 children, each one born exactly 2 years apart. How old
old will the youngest child be when the oldest child's age is 3 times the youngest child's
age?

5. triples How many ordered triples satisfy 0 < x<y< z< 10 if x, yand zare integers and z is
even?

6. Four semi-circles are shown with AB:BC:CD = 1:2:3. What
is the ratio of the shaded area to the unshaded area in the
semi-circle with diameter AD? Express your answer as a
common fraction.

D c B A

7._C . . ) Whatis the solution (x, y, z) that satisfies the equations 2x + By + 7z = 50 and
x +y+ z= 8 if the value of each variable is a hon-negative integer?

8. % A rectangle measures 6 meters by 10 meters. Drawn on each side of the rectangle
is a semicircle that has the endpoints of its diameter on the vertices of the
rectangle. What percent larger is the area of the large semicircles than the area
of the small semicircles? Express your answer to the nearest whole humber.

11 1
9. In the equation ]+E =73, both jand k are integers. What is the sum of all possible
values for k?

10. 5Pt On amath test the total number of points possible is 100 points. There are
questions 36 questions on the test. Questions are worth one point, three points or five points.
The number of three-point questions is twice the number of one-point questions.
How many five-point questions are on the test?
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Workout 8

1.3 An electronics store owner buys a digital camera from a distributor and marks the
selling price so that he makes a profit equal o 60% of the wholesale price. When
the camera doesn't sell, the store discounts the selling price 25%.
When the camera still doesn't sell, the store further discounts
the price 10% and sells the camera making a $16 profit. What did
the store owner pay the distributor for the camera? ®

2. minutes  Ben ran to Sam's house in 30 minutes. Sam ran the same route back to Ben's house
in 24 minutes. At his same rate Sam can run two miles in 262 minutes. At the same
rates, how many minutes before Ben will Sam finish a 3-mile race?

3. inches  Equiangular triangle ABC has a perimeter of 60 inches. Point Q is placed in or on
the triangle, and the lengths AQ, BQ and CQ are added together. What is the
minimum value of the sum of the three lengths? Express your answer in simplest
radical form.

4. Os Some of the 9 ¥s in the expression 10090807060504030201 are replaced by "+",

and the remaining Os are replaced by "x". The result is a one-digit integer. What is
the smallest number of s that must be replaced by "+"?

Ms. Kitty's cat lives on a diet consisting of liver pellets and
fish pellets. Ms. Kitty knows that it takes a total of 395
pellets to maintain her cat's diet for a month. Each month
she purchases 19 packets containing x liver pellets in each
and 7 packets containing y fish pellets in each, and all of the
pellets purchased are eaten each month. If x is more than
three and x >y, what is the sum of x and y?

6. In a set of four consecutive even positive integers the difference of twice the
smallest integer and the cube root of the largest integer is 112. What is the
smallest integer? B
c

o

7. degrees In isosceles triangle ABC, angle BAC and angle BCA A
measure 35 degrees. What is the measure of angle
CDA?

E
8. cudm  The diameter of a cone is 30 decimeters. If the height is two times the radius,
what is the volume of the cone? Express your answer to the nearest whole humber.

9. What is the positive solution of the equation X =512
x-2

10. units  Triangle ABC is a right triangle with legs AB and AC. Points X and Y lie on legs AB
and AC, respectively, so that AX:XB = AY:YC = 1:2. If BY = 16 units and CX =
28 units, what is the length of hypotenuse BC? Express your answer in simplest
radical form.
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1.
2. Sq units
3. integers
4.
5.
6. units
7. feet
8.
9.
10. integers

Warm-Up 17

Four positive integers sum o 125. If you increase the first number by 4, decrease
the second by 4, multiply the third by 4, and divide the fourth by 4, you produce
four equal numbers. What is the smallest original number?

The shortest side of a triangle is 12 units, and two of its angles have measures
of 45 and 60 degrees. What is the area of this triangle? Express your answer in
simplest radical form.

How many positive two-digit integers have an odd number of positive factors?

A group of 20 students planned to share equally the total expense for renting a
bus. When 4 students drop out, each remaining student’s share of the expense
increased by m%. What is the value of m?

Kevin plays a game in which he draws 3 cards at random and without replacement
from a set of 7 cards that are numbered with the integers 1 through 7. He wins if
the sum of the three numbers on the drawn cards is at least 10 or if card number
5 is one of the drawn cards. What is his probability of winning? Express your
answer as a common fraction.

Two circles with radii of 2 and 4 units are externally tangent to each other. The
line containing their centers intersects a common external tangent line at point X,
which is not on either of the circles. What is the shortest distance from X o the
nearest circle?

Robert grows trees. Each of his birch trees is 4 feet tall when

mulberry trees is 10 feet tall and will grow 6 feet during the first
year and 6 feet every year thereafter. He plants 8 birch trees
and 15 mulberry trees. How many fotal feet of tree height does
Robert have at the end of 5 years?

_ Teer .
Mon  planted and will grow 4 feet during the first year, and half as
, many feet each subsequent year as the previous year. Each of his
& i
C\-\ ,\W
2

AR A
. N

N

A sequence of positive integers begins 2009, 2008, 1, 2007, etc. Beginning with the
third term, each term is the absolute value of the difference of the previous two
terms. What is the 2009th term of this sequence?

There are 12 girls and 8 boys in Ms. Jones' math class. She selects a group of three
students at random to work on a project. What is the probability that this group
includes at least one boy? Express your answer as a common fraction.

For how many positive two-digit integers k will y = 2x and x + y = k simultaneously
result in positive integral values for both x and y?

Problem #4 is from the 2008 National Competition Sprint Round.
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Warm-Up 18

1. days At Norman High School, the chess club, debate club and math club all had meetings
on September 30. From then on the chess club met every other day, the debate
club every 3rd day and math club every 5th day. The clubs met even on weekends.
On how many days in October did exactly two of the groups meet?

2. units A right ftriangle with integer length sides has a perimeter of 120 units and an
inscribed circle with a radius of 9 units. What is the length of its hypotenuse?

3. Two members of an increasing arithmetic sequence are 1 and 27. The sequence has
less than 40 terms and its median is 38. What is the value of the fourth term
following 27?

4. feet A circular ceiling fan rotates at 40 revolutions per minute.

A housefly sits on the outer edge of the fan and travels
3600w feet in nine minutes. Another housefly sits halfway
between the center and the edge of the same fan and
travels at the same rate for 15 minutes. How many feet did
the second housefly travel? Express your answer in terms of m.

Five cards are chosen at random from a standard deck of
#) 52 cards. What is the probability that all five cards are the same
V' suit? Express your answer as a common fraction.

-
=
-

(=

6. degrees  The measures of the interior angles of a convex 9-gon form an arithmetic sequence
and, measured in degrees, all are distinct integers. What is the measure of the
largest possible angle if all the angles are obtuse?

7. Successive discounts of 36%, 25% and 40% are given on an item. What fraction of
the original price is the triple-discounted price? Express your answer as a common
fraction.

8. laps Jim can complete a lap of the track in 6 minutes. It takes Joe
9 minutes to complete a lap, and it takes Tom 10 minutes to complete
a lap. They all start at the same time from the same point on
the track. How many laps of the track will they have completed
altogether when they all are at the starting point together again for
the first time?

9. integers  The number 585 can be written as the sum of two consecutive integers, 292 and
293. What is the greatest number of consecutive positive integers whose sum is
585?

10. A pentagon has vertices of (10, 0), (5, 8), (0, 12), (-6, 0) and (0, -6). What fraction
of its total area lies in the fourth quadrant? Express your answer as a common
fraction.
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Workout 9

1. squnits What is the area of the region bound by the linesy = Ix-8, y = —%x - 8 and

y=3?

2. ordered How many ordered pairs of integers satisfy the inequality 3|x| + 4|y| <24?

pairs

3. What is the next number in the pattern: 1, 2, 4,7, 11?

4. Point E is the midpoint of side AB of rectangle ABCD. Points F and & lie on sides
BC and DA, respectively, so that BF:FC = 1:2 = DG:GA. What fraction of the area
of rectangle ABCD is contained in triangle EFG? Express your answer as a common
fraction.

5. scores In a certain football league, the only ways to score points are to kick

a field goal for 3 points or score a touchdown for 7 points. How many
positive scores cannot possibly be obtained by a team in this league?

6. The largest term in a particular increasing geometric sequence is 605. If all of the
terms are positive integers and the sequence contains more than fwo terms, what is
the smallest possible value of the first ferm of the sequence?

7. boxes A nine-foot-tall classroom is shaped as a rectangular solid with integer interior
dimensions and has an enclosed volume of 13,338 cubic feet. Cubic boxes with an
edge length of two feet are placed in the room. If the width is 1 foot longer than
the length, what is the maximum number of such boxes that can fit in the room?

8. seq Bill is in the middle of playing a board game in which he may move forward 1 or 3
spaces, or move back 2 spaces. At the end of his 6th move he has moved forward
5 spaces from his starting point. How many different sequences of moves could
produce that result?

9. games  The Rockets and the Rangers are in a league where each of the teams plays 100
games. At this point in the season the Rockets have won 60% of their
games, the Rangers have won 35% of their games, and both teams have
the same number of games left to play. If the Rockets lose all of their
remaining games while the Rangers win all of their remaining games, the
teams will end the season with the same number of wins. How many
games do the Rockets have left to play?

10. The wall of a room is made up of 20 square panels. Each panel is one of four
possible colors. There are 6 panels of color A, 2 panels of color B, 4 panels of C and
8 panels of color D. A ladybug randomly lands on the wall but never on panels of the
same color on consecutive landings. What is the probability that the ladybug's
first and third landings will both be on color A? Express your answer as a
common fraction.
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Mixture Stretch

1.3 Peanuts cost $1.75 a pound. Almonds cost $5.25 a pound. Cashews cost $8.00 a
pound. If equal amounts of peanuts, almonds and cashews are mixed, for how much
should each pound of the mixture sell?

2. pounds A mixture of almonds and cashews sells for $6.50 a pound. How R A
many pounds of peanuts selling for $1.75 a pound should be mixed é@%
with 30 pounds of the almonds and cashews mixture to make a nut
mixture that sells for $5.50 a pound?

3. quarts - An ammonia and water mixture fills a five-gallon container. Eighty percent of the
mixture is ammonia, but some of the mixture will be drained and replaced with pure
water. If a five-gallon mixture of 50% ammonia is desired, how many quarts of the
mixture need to be drained before the water is added? (A quart is one-fourth of a
gallon.) Express your answer as a decimal to the nearest tenth.

4.3 A trail mix is made using peanuts, raisins and almonds in the ratio of 3:2:1,
respectively. Peanuts cost $1.75 a pound, raisins cost $2.10 a pound and almonds
cost $5.25 a pound. How much should one pound of this trail mix cost?

5. quarts How many quarts of water should be added to two gallons of grape juice to make a
beverage that is 40% juice?

6. adult
tickets

Tickets to a play cost $1.00 for children who are 10 years old or
Son younger, $4.00 for students ages 11 to 18, and $9.00 for anyone who
£, is older than 18. There were 197 tickets sold for a total of $1182.
® Twenty-two more student tickets were sold than children’s
tickets. How many adult tickets were sold?

7. gallons - A diluted cleaning solution is 85% water. How many gallons of cleaning product must
be added to one gallon of the diluted solution to strengthen it to 50% cleaning
product? Express your answer as a common fraction.

8. From eight quarts of pure orange juice, one quart is served and one quart of water
is added to what is left. One quart of this diluted beverage is served to students
and another quart of water is added to what remains. What fraction of this final
mixture is orange juice? Express your answer as a common fraction.

9. sheep Of the animals on Old MacDonald's farm, 20% are sheep and the rest

are chickens. When 25 new chickens hatch, the sheep represent only
15% of the animals. How many sheep does Old MacDonald have?

10. ounces A mixture is made with 45 ounces of a 10% saline solution and x ounces of a 70%
saline solution. The resulting mixture is a 25% saline solution. What is the value of
X, in ounces?

Problem #3 is from the 2008 Chapter Target Round.
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Triangles ULTRA Stretch

1. squnits In right triangle ABC the hypotenuse AB is 25 units long and leg AC is 7 units long.
Point D lies on side AB so that AD = 10 units. What is the area of triangle ACD?
Express your answer as a common fraction.

2. inches  An equilateral triangle with a side length of 12 inches has midpoints placed on each
side. Each of these three midpoints is connected to the other two midpoints. The
newly formed triangle has midpoints placed on each of its three sides. What is the
farthest distance from any of the newest-placed midpoints to any vertex of the
original triangle? Express your answer in simplest radical form.

3. units  Right triangle XYZ is placed on equilateral triangle ABC, as X \
shown. Triangle XYB is similar to triangle ACB, AC = 9 units
and XB = 3 units. What is the perimeter of triangle XYZ?
Express your answer in simplest radical form.

z

4, units  What is the length of the longest altitude of triangle ABC if AC = 12, BC = 5 and
AB = 152 Express your answer as a common fraction in simplest radical form.

5. units  What is the radius of the circle inscribed in triangle ABC if AB = 12, AC = 14 and
BC = 16? Express your answer in simplest radical form.

6. cuunits  Triangle ABC is similar to triangle RST with side length ratios of 3:1. Triangle ABC
has three different integer side lengths, a perimeter of 27 units and the longest
side is the maximum possible length. What is the minimum possible product of the
three side lengths of triangle RST? Express your answer as a common fraction.

7. In triangle ABC, points D and E lie on sides AB and AC, respectively, so that
AD =5,DB =8, AE = 6 and EC = 11. What is the ratio of the area of triangle ADE to
the area of triangle ABC? Express your answer as a common fraction.

8. Right triangle ABC has integer side lengths and a hypotenuse AB with A(4, 5) and
B(8, 8). Triangle RST lies completely in quadrant III, is similar to triangle ABC and
the ratio of the side lengths of triangle RST fo triangle ABC is k:1, with k being an
integer. Points R and T are located at (-13, -1) and (-1, -1), respectively. What is
the product of all possible distinct y-coordinates of point S?

A

9. degrees The trisectors of angles B and C of scalene triangle ABC meet at
points P and Q, as shown. Angle A measures 39 degrees and angle QBP
A measures 14 degrees. What is the measure of angle BPC?
B 2\ Cc

10. In triangle ABC points D and E lie on sides AB and BC, respectively, so that

’D‘% =% and g—g = % Segments CD and AE infersect at point F. What is the value

of% ? Express your answer as a common fraction.

Problem #9 is from the 2008 State Sprint Round.
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ANSWERS TO HANDBOOK PROBLEMS

Warm-Up 7
Answers
1. 70 (Fy** 5. ; (M) 8. 3.24 (M
2. 6 (s) 6. 50 ©) 9. 10 (C,F,6,7T)
3. 127 ©6) 7. 99m (F. M) 10. 843 (M)
4. 18 (F.6,T)

Warm-Up 8
Answers
1. 80 © 5. 3 ) 8. 12 M)
2. 49 (M 6. 36 (S) 9. 8 ©
3. 418 (M 7. 63 (F) 10. 2007 ©)
4, % (P, T

Workout 4
Answers
1. 840 (6) 5. 3 (©) 8. (2,-2) (F. M)
2. (2,9 (F) 6. 57 (F) 9. 0.60r.6 (F)
3. 147 (M) 7. 60 (F) 10. 14,058 (F.P)
4. 20 (©)

Warm-Up 9
Answers
1. 36 (C,P, T) 5. 380 o0r 380.00(C, 6, T) 8. ;772 (F. M)
2. -150 (C,6,M,T) 6. 18 (C,P,s,T) 9. 1 (C.6,P,S)
3. 80 (F. M) 7. 17 (C.F,T) 10. 1375  (C,F,M,P,S)
4.9 (C,E,F,P,T)

**Problem-solving strategies are explained on pages 33-43 in Volume I of the 2008-2009 MATHCOUNTS School Handbook.
Answers to all problems in this portion of the handbook (Vol. IT) include one-letter codes indicating which of these strate-
gies may be appropriate to use.
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Answers
1. 1010

2. 277

3. (6,7)
4, 57

Answers
1. (-5,-4)
2. 10Q-10
3. 30

4. 0

Answers
1. 8

2. 481

3. 72

4. 60V3
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c.mn
©
(9]
(A

(C,F,P,s5, T

(C.F)
(E.F,6)
P,

(€. M)
(C.F)
(C.F.6,T)
(C,F, M)

(C,F.M,T)

©
€, M, T)
(C.F, M)

o

Warm-Up 10

28 (F,M,P,T)
1 ®)
99
> €.P)
Workout 5
7% (C,F, M, P)
101 6,P,T)
36 (E.M,P)
Warm-Up 11
1
7 (C.F. M)
16 (E.F.P,T)
57 (€, 6,P)
Warm-Up 12
T (F,P,5,T)
428 (C.F)
30 (C,F.,M,T)

4
8. 1 6,5, 7
9. 510510 (C,6,P,T)
10. -2 ©)
8. 13 (C,F,P,T)
3n
9. % (F. M)
10. 4000 (c,6,7
8. 35 (C.M,9)
9. 12413 (C,F, M, P)
10. 32 - 8m (C,F, M)
8. 2 (C.F,P)
9. 62 (C.F.T)
10. 9 (F,6,M,T)
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Workout 6

Answers
1. 7 €, F) 5. 40 (C.FM) 8. 62 )
2. 18 (C.F, M,P) 6. g (C.E,6,T) 9. 162 (F, M)
3. 2375 (C.F,M.T) 7. 42 (C.F, M) 10. 350 (C.F,T)
4, 2501 (C.F.6,T)

Warm-Up 13
Answers
119 ©mPT |5 = ¢,5T | 8 15 (C,F, M)
2. 8 (E, T 6. 12 6,7 9. -125 (. F)
3.9 (C.E,F,6) 7. 1 ®, T) 10. 40 (C.F,6,T,S)
4, g (F., M)

Warm-Up 14
Answers
1 6 €.6,T) 5. 96 (C.F, M) 8. 77 (. F)
2. 14 (€, 6) 6. % (C.F.6, M) 9. 225 (€. F)
3. % c<n |77 e7 | 104 ©.P.9)
4.9 (C.F.6.M)

Workout 7
Answers
1. 60 (€. F) 5. 3050 or 3050.00 (C) 8. 480+4803 (C,F, M)
2. 250 (F, M) 6. 63 (€. 6, M) 9. 22 (E.6,T)
3. 81 €657 7. 280 (F. M) 10% (€. F. M)
4. 4 (C.E,F,6)
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Answers

1 (EE)
" \5'5

(C,F.M,P)

2. 9:59and 10:01 (E,P)

64
225
4. 50

Answers

1. 8

1
4~
2. m

3. 8
4. 5

Answers
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SOLUTIONS TO HANDBOOK PROBLEMS

The solutions provided here are only possible solutions. It is very likely that you and/or your students will come up
with additional—and perhaps more elegant—solutions. Happy solving!

Warm-Up 7
Problem 1. Erik sets up and burns a single CD in 3.5 minutes. Thus, he can burn 20 CDs in 20 x 3.5 = 70 minutes.

Problem 2. First we will rewrite the left side of the equation in terms of prime factors: (2”)(3033 = 82")(23 x 3% x 5%) = (2 73)(3%)(5%). Now we
rewrite the right side: (2°)3%)@*)(5%) = (2%)3)2%)(5%) = 2%)(3°)(5%). Obviously, (3*)(5%) = (3°)(5”), so we just need to make sure that (2 %) =
(27). That will be true when x + 3 =9, which is when x = 6.

Problem 3. The largest Mersenne Prime less than 200 is 27 - 1=128-1=127. The next possible Mersenne Prime, 2= 2047, is much too
large (and is not prime).

Problem 4. Using the least common multiple of 4 and 3, which is 12, we restate the 4 oranges for 3 apples as 12 oranges for 9 apples, and we
restate the 3 oranges for 7 lemons as 12 oranges for 28 lemons. Now we can equate 9 apples with 28 lemons since they are both equal to 12
oranges. Doubling both of these, we find that 18 apples could be traded for 56 lemons.

Problem 5. The parallel sides of this trapezoid are vertical line segments at x = —4 and x = 4. The y-axis at x = 0 is the
dividing line between the first and second quadrants, and it separates our trapezoid into two distinct smaller trapezoids.
The y-intercepts of the two sides are at (0, 35) and (0, 5). The trapezoid in the second quadrant has one base of 40 — 0 =
40 units, the other base of 35 — 5 = 30 units, and a height of 0 — (—4) = 4 units. Its area is the average of its bases times its
height, which is 35 x 4 = 140 square units. The trapezoid in the first quadrant has one base of 35 — 5 = 30 units, the other
base of 30 — 10 = 20 units, and a height of 4 units. Its area is 25 x 4 = 100 square units. The ratio of the area in the first
quadrant to the area in the second quadrant is 100/140 = 5/7.

Problem 6. The perfect squares between 5 and 30 are 9, 16 and 25. Thus, the sum is 9 + 16 + 25 = 50.
Problem 7. The area of the inner circle is w. The area of the outer circle is 100z. Thus, subtracting 7 from 100w, we get 997 square inches.

Problem 8. The total of the 50 outcomes is (14 x 1)+ (5 x 2) + (9 x 3) + (7 x 4) + (7 x 5) + (8 x 6) = 14 + 10 + 27 + 28 + 35 + 48 = 162.
Dividing this by 50, we find that the average roll was 3.24.

Problem 9. If Maraya insists on at least one of each of the four kinds of cookies, then the only question is what the other two cookies will be.
There are 4 possible choices for the two remaining cookie choices. She could pick 2 of cookie A, 2 of cookie B, 2 of cookie C or 2 of cookie D
so that gives her 4 options where both of the remaining choice selections are the same. There are also 6 combinations with two types of cookies.
(AB, AC, AD, BC, BD and CD.) This means that there are 4 + 6 = 10 assortments possible.

Problem 10. The base of one equilateral triangle is 12 = 3 = 4 meters. The height of an equilateral triangle is V3/2 times its base, so the height
of these triangles (and the rectangle) is 4 x 3/2 =23 meters. The arca of one triangle is 1/2 x 4 x 23 =43 square meters, and the area of the
two shaded triangles is 2 x 4V/3 = 8V3 square meters. A very helpful formula to learn for the area of an equilateral triangle is 4 = (sz\/3)/4 for any
equilateral triangle with side length s. The area of the two shaded triangles is then 2((s2\/3)/4) = 2((42\/3)/4) =83 square meters.

Warm-Up 8

Problem 1. When the temperature increased 11 degrees, from 67 degrees to 78 degrees, the number of chirps per minute increased from 120
chirps per minute to 164 chirps per minute, which is 44 chirps. It appears that with each degree increase in the temperature, the cricket chirps
44/11 = 4 more times per minute. Inversely, every extra chirp per minute represents a 1/4—degree increase in the temperature. The increase from
164 chirps per minute to 172 chirps per minute is 8 chirps, so the temperature must be 8 x 1/4 =2 degrees more than 78 degrees, which is 80
degrees.

Problem 2. If the mean of 9 numbers is 13, then their sum is 9 x 13 = 117. Let’s make the first four integers as small as possible: 1, 2, 3 and 4.
Then the median has to be 13, so we include that. Next we are forced to use 14, 15 and 16. So far we haveasumof  +2+3+4+ 13+ 14+ 15
+ 16 = 68. The maximum possible value for the largest integer in this set is 117 — 68 = 49.

Problem 3. To solve this question we need to think about what the units digit of a prime number could be. A two-digit prime could end in 1, 3, 7
or 9; thus, we need to examine primes only in the 10s, 30s, 70s and 90s because when the digits are switched the tens digit will become the units
digit. The primes greater than 12 but less than 99 that are still prime when their two digits are interchanged are 13, 17, 31, 37, 71, 73, 79 and 97.
Their sum is 418.

Problem 4. If three standard dice are rolled, each die has six possible outcomes. Together, there are 6 x 6 x 6 = 216 possible outcomes for the
three dice. The only way we will get a sum of 17 or greater is if we get the following outcomes: 6,6,6; 5,6,6; 6,5,6; or 6,6,5. Therefore, 4 of the
216 outcomes work, which is 4/216 = 1/54.
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Problem 5. There is a four-cycle repeating pattern in the units digits of the powers of 7: 7= 7, 7= 49, 7= 343, 7= 2401, etc. To find the fifth
power of 7, notice that we will multiply a 1 in the units digit by 7. This will cause the pattern in the units place to repeat. Since 19 + 4 leaves a
remainder of 3, the units digit of 719 will be the third number in the cycle, which is 3.

Problem 6. Points with integral coordinates are often called lattice points. There are a total of 9 x 4 = 36 lattice points
strictly between the two squares. One-fourth of the lattice points are shown here.

Problem 7. If we divide 348 by 6, we get 58, which is the median of the six integers. The six consecutive odd integers must be 53, 55, 57, 59,
61 and 63. The largest of these is 63.

Problem 8. If we look at the cross-section of the cube that includes segment AB and cuts a diagonal in the base of the cube, we see that AB

acts as a hypotenuse to the right triangle whose base is the diagonal of the base of the cube and whose vertical leg is the lower half of the edge
containing point B. We know that each edge of the cube is 8 units; thus, the diagonal of the base is 8V2 units. Since B is the midpoint of the edge
it lies on, we know that the measure of that leg of the right triangle is (1/2)8 = 4 units. Using the Pythagorean Theorem, we see that (4)2 + (8\/2)2
= 144, so the measure of AB is 12 units.

Problem 9. Let’s say there are » friends in the group. If all » people shared the bill equally, the dinner would cost them each 192/ dollars. When
only n — 2 people share the bill, it cost 192/(n — 2) dollars, which is 8 dollars more. If we subtract 8 from 192/(n — 2), we can equate the two
expressions and solve the equation 192/n = 192/(n — 2) — 8 for n. Multiplyin% both sides of the equation by n(n — 2),zwe get 192(n—2) =

192n — 8n(n — 2). Distributing on both sides, we get 192n — 384 = 192n — 81" + 161, which simplifies to —384 = —8xn" + 16n. Now we set the
quadratic equation equal to zero, which gives us 8n° — 16m — 384 = 0. We can divide both sides by 8, which gives us n*— 2n— 48 = 0. To factor
this, we look for two numbers with a product of 48 and a difference of 2. That would be 6 and 8, so we rewrite the equation as (n — 8)(n + 6) =

0. The solutions are n = 8 or n = —6. Clearly there can’t be —6 people in the group, so there must be 8 people in the group. To confirm this, we
compare 192 + 8 =24 and 192 + 6 = 32, and $32 is indeed $8 more than $24.

Problem 10. If x + 1 = 2008, then x =2007. The expression x* +x can be interpreted, geometrically, as a square with an extra row or column. In
this case, we have a rectangle that measures 2007-by-2008. Therefore, the value of & in the equation X%+ x = 2008k must be 2007. Alternatively,
we can rewrite x° + x = 2008k as x(x + 1) = 2008. Substituting x + 1 with 2008, we have x(2008) = 2008k or x = k. If x + 1 = 2008, then x = 2007
so k=2007.

Workout 4

Problem 1. The area of a triangle is found using the formula A = (1/2)(base)(height). Thus, the area of the triangle is (1/2)(40)(42) = 840 square
inches.

Problem 2. We need to find two-fifths of the difference in the x values of points R and S and add this to the x value of point R. Then we will find
two-fifths of the difference in the y values and add this to the y value of point R. When we solve for the x value, we find that 2/5 x (14 — (—6)) =
2/5x20=8, and -6 + 8 =2, so x = 2. When we solve for y, we find that 2/5 x (=6 — 19) = 2/5 x (-25) =-10, and 19 + (-10) =9, so y =9. The
coordinates are (2, 9).

Problem 3. The two triangles, ABC and ADC, have the same height, which is the height of the trapezoid as well. This means that the ratio of AB
to CD is also 7:3. If AB + CD = 210 cm, then each of the 7 + 3 = 10 parts must be 210 + 10 =21 cm. Segment AB is 7 x 21 = 147 cm.

Problem 4. If a = 1.8b and ¢ = 1.5b, then Sa = 9b and 6¢ = 9b. Hence, 5a = 6¢, which means that a = (6/5)c. Since 6/5 = 120%, we can say that
a is 20% larger than c. Using b = 100, we have a = 1.86 = 1.8(100) = 18 and ¢ = 1.5b = 1.5(100) = 15. Then a is 3 larger than ¢, which is an
increase of 3/15 = 20% over c.

Problem 5. Whatever the value of x, x — 2008/2007 is a little less than one less, and x + 2009/2008 is a little more than one more. The total
distance between x —2008/2007 and x + 2009/2008 is a little more than 2 units. If x itself is an integer, or very close to an integer, then there are
3 integers in that range.

Problem 6. A tire with a diameter of 20 inches will travel 20z inches in one revolution. One hundred yards is 100 x 36 = 3600 inches. The tire
will have to complete about 3600 + 201 = 57 revolutions.

Problem 7. If the batter has a batting average of 0.333 and 60 hits, he must have been to bat 60 + 0.333 = 180 times. (Notice that 179 and

181 at-bats would not give a batting average of 0.333.) That means he did not get a hit the other 180 — 60 = 120 times. If he can get consecutive
hits, then these 120 times at bat will be the only non-hits. A batting average of 0.500 means that of his attempts one-half were hits and one-half
were non-hits, so he would need to get 60 consecutive hits to reach 120 hits in 240 at-bats.

Problem 8. In the fourth quadrant, the x value is positive and the y value is negative. Since we will be subtracting 2 times this negative y value,
we can think about adding a positive instead. That means some number of 3s plus some number of 2s is equal to 10. With some trial and error,
we find (2 x 3) + (2 x 2) = 6 + 4 = 10. This means the coordinates of the point are (2, —2). Note: There are some general methods for solving
Diophantine equations that are too complicated to explain here. Alternatively, by graphing the line, students can see that only integer x-values of
1, 2 and 3 will land in the fourth quadrant and need to be checked.
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Problem 9. The circumference of the circle with radius 4 inches is 87 or about 8 x 3.14 = 25.12 inches. The arc in question is one-fourth of this
circumference, or about 6.28 inches. The chord associated with this arc is like the diagonal of a square with side length 4 inches, so its length is
442, which is about 4 x 1.41 = 5.64 inches. The arc is 6.28 — 5.64 = 0.64 or 0.6 inches to the nearest tenth.

Problem 10. The constant difference between consecutive terms is 7, so the 2009th term will be 7 x 2008 = 14,056 more than the first term,
which is 14,056 + 2 = 14,058.

Warm-Up 9

Problem 1. There are 8 increasing numbers in the teens, 7 in the twenties, 6 in the thirties, 5 in the forties, 4 in the fifties, 3 in the sixties, 2 in the
seventies and | in the eighties. That’s 36 in all.

Problem 2. Suppose we consider the equation y = (6x + 12)(x — 8), which is equivalent to y = 6x° — 36x — 96. Then the graph of this equation is
a parabola opening upward, with a minimum at the vertex. The vertex of a quadratic equation is located at the point where x = —b/(2a). (This is
the first part of the quadratic formula.) In this case, we have x = —(-36)/(2 x 6) =36/12 = 3. The y value at this pointis y = (6 x 3+ 12)(3 - 8) =
(30)(=5) =—150, which is also our minimum value of k.

Problem 3. If the measure of ZTSQ is 145°, then the measure of ZTSP is 180 — 145 = 35° since they are supplementary angles.
The measure of ZRQP is also 35° since sides TS and RQ are parallel. Now we have two of the three angles in triangle PQR. To
find the third, we calculate 180° — 65° — 35° = 80°. The measure of ZPRQ is 80°.

P T R

Problem 4. We need to find two numbers with a product of A0 and a sum of 1A, where A is a positive single digit. There are only 9 digits to try
for A. Suppose we have a product of 10 and a sum of 11, then the two numbers could be 1 and 10. Suppose we have a product of 20 and a sum of
12, then the two numbers are 2 and 10. This will work for all values of A from 1 to 9, so there are 9 values of A that work.

Problem 5. If Alex has $80, then Jose has 1.5 x $80 = $120 and Melanie has 1.5 x $120 = $180. Altogether, the three friends have $80 + $120 +
$180 = $380.

Problem 6. If the probability of picking a white or blue marble is 1/2, then the 18 white and blue marbles must be half of the marbles. The other
half of the marbles must be 18 reds.

Problem 7. If Anthony makes 2/3 of his next 24 attempts, he will make another 16 free throws. Then he will have 5 + 16 = 21 successful throws
in 12 + 24 = 36 attempts. That’s a success rate of 21/36 = 7/12, which is 58.3%. His success rate before was 5/12, which is 41.6%. The increase is
58.3-41.6 =16.7, or 17 percentage points to the nearest whole number.

Problem 8. The areas of the four circles are w, 9m, 251 and 497. The areas of the two black regions are m and 251 — 9n = 16m, for a total black area
of t+ 161 = 17n. The areas of the two white regions are 9n — n = 8w and 4971 — 251 = 24, for a total white area of 87 + 24x = 327 The ratio of
the black area to the white area is 177/32m = 17/32.

Problem 9. The absolute values will make all negative values positive, so if we want to minimize the sum we should try to zero out some of the
parts of this expression. The values of x worth trying are x = 1, x = 1.5 and x = 2 since they will make part of the sum equal zero. If x = 1, then we
have [1 - 1|+ |1 - 1.5/+ |1 -2|=0+0.5+1=1.5.Ifx= 1.5, then we have [1.5— 1|+ [1.5- 1.5/ +[1.5-2|=0.5+ 0+ 0.5 = 1. If x = 2, then we
have 2 - 1| +[2—1.5/+|2—-2|=1+0.5+ 0= 1.5. The minimum value is 1, which occurs when x = 1.5.

Problem 10. Every minute, the minute hand moves 360 + 60 = 6 degrees. At 25 minutes past the hour, the minute hand is 25 x 6 = 150 degrees
past the vertical 12:00 position. Every minute, the hour hand moves 360 + 12 = 60 = 0.5 degrees. At 25 minutes past 12:00, the hour hand is 25 x
0.5 = 12.5 degrees past the vertical 12:00 position. The angle between the hands of the clock at 12:25 is 150 — 12.5 = 137.5 degrees.

Warm-Up 10

Problem 1. The first four flips must be tails for the player to earn more than $10 ($2 + $2 + $4 + $8 is more than $10). Therefore, the only way a
player can earn less than $10 is to get heads on the first, second, third or fourth flip. There is a 1/2 chance of getting heads on the first flip, a (1/2)
% (1/2) = 1/4 chance of getting heads on the second flip, a (1/2) x (1/2) x (1/2) = 1/8 chance of getting heads on the third flip, and a (1/2) x (1/2)

% (1/2) % (1/2) = 1/16 chance of getting heads on the third flip. That’s a 15/16 chance that the game ends before the player has more than $10, so
there must be a 1/16 chance that the game ends after the player has more than $10.

Problem 2. If we mulligly (x2 — k) by (x + k), we get x° + kx? — kx — k%. We can now factor out a k from the last three terms of this expression,
which gives us o k(x” — x — k). When we set this equal to the right side of the original equation O+ k(x2 —x — k), we get O k(x2 —-x—k)= 4
k(x” —x —5). A careful comparison of the two sides of this equation reveals that £ must be 5. Alternatively, we could multiply out both sides of the
equation and get X+ ke — ke — K2 = x° + ka® — kx — 5k. The left side and the right side are the exact same when = Sk,sok=S5.

Problem 3. To average 83% over four quarters, a student must earn a total of 4 x 83 = 332 percentage points. So far Fisher has 82 + 77 + 75 =
234 percentage points. He needs another 332 — 234 = 98 percentage points, so he must earn a 98% in the 4th quarter.

Problem 4. Let’s call the length of the shorter leg x. Then the length of the longer leg is x + 1. Using the Pythagorean Theorem, we write the
equation P (x+ 1)2 =297 and solve for x. Expanding (x + 1)2, we get x>+ x> +2x + 1 = 841. This can be simplified to 2% +2x = 840, or X tx

=420. Factoring out x on the left, we can rewrite it as x(x + 1) = 420. In other words, the product of these two consecutive numbers is 420, which
means they must each be close to the square root of 420. Indeed, 20 x 21 =420, so the legs must be 20 and 21. Their sum is 20 + 21 = 41.

MATHCOUNTS 2008-2009 37

09-09_Handbook_Vol2.pdf 37 8/18/08 11:39:21 AM



Problem 5. If 12 zaps equal 9 yaps, then, dividing both by 3, we know that 4 zaps = 3 yaps. If 7 xaps equal 6 yaps, then we can substitute 4 zaps
for every 3 yaps to find that 7 xaps equal 8 zaps. Multiplying both by 4, we find that 28 xaps equal 32 zaps.

Problem 6. The powers of 3 have a repeating pattern when divided by 5. First we get 3= 3, then 3= 9, which leaves a remainder of 4 when
divided by 5, then 3= 27, which leaves a remainder of 2 when divided by 5, then 3= 81, which leaves a remainder of 1 when divided by 5, and
then 3° = 243, which leaves a remainder of 3 when divided by 5. Now we see that the four-number pattern 3, 4, 2, 1 repeats. Since 2008 leaves a
remainder of 0 when divided by 4, the remainder of 3%9%8 divided by 5 will be 1, which is the fourth number in the pattern.

Problem 7. First of all, the denominators of these fractions are sometimes called “oblong numbers” since they make rectangles that are one unit
longer than they are wide: 1 x2=2,2%x3=6,3 x4=12,4 x5=20, etc. The last denominator in the expression is 99 x 100 = 9900. Let’s find
the sum of a few terms at a time and see if we notice a pattern. 1/2 + 1/6 =2/3, 1/2+ 1/6 + 1/12 =3/4, 1/2 + 1/6 + 1/12 + 1/20 = 4/5, etc. The sum
of the first » terms appears to be n/(n + 1), so the sum of the 99 fractions in the expression must be 99/100.

Problem 8. Since the actual number of red skateboards and red scooters is the same, we need to find equivalent fractions with a common
numerator. Let’s say 2 out of 8 skateboards are red and 2 out of 3 scooters are red. Then there would be 2 + 2 = 4 red items in each group of 8 + 3
= 11 items. That means 4/11 of all the skateboards and scooters are red.

Problem 9. Each term in the sequence is multiplied by the next prime number to create the next term. 2 x 3 =6; 6 x 5=30; 30 x 7=210; 210 x
11 =2310; 2310 x 13 = 30030. The next term is 30030 x 17 = 510,510.

Problem 10. If P A5 =41, then 3P — (7 x 5) = —41. Solving for P, we get 3P — 35 = —41, then 3P = -6, and then P =-2.

Workout 5

Problem 1. The second-to-last number in column C will be 93 and the last number will be 98. Adding the first number in column C to the last, we
get 3+ 98 = 101. Adding the second number to the second-to-last number, we get 8 + 93 = 101 again. There are 20 numbers in column C, so if we
continue in this manner we will get 10 sums of 101 for a total of 10 x 101 = 1010.

Problem 2. The cross section of the cone is an equilateral triangle. The ratio of the base to the height of an equilateral triangle is 1 to V3/2. In
terms of the radius, 7, the base is 2 and the height is 2r\/3/2, or 3. Since we know the volume of the cone, we can use the volume formula and
solve the equation (1/3) x 1t x 1* x 3 = 12,288 for r. By subtracting the 7 from both sides, we get (1/3) *\3 = 12,288. Tripling both sides, we
get V3 = 36,864. Now, dividing both sides by V3 we get = 21283.44032. Thus, r = 27.7, to the nearest tenth.

Problem 3. In general, if we add the numerators and add the denominators of two fractions, we get a fraction that is in between the original
fractions, but it might not give the least denominator fraction. In this case, between 7/10 and 11/15, we get (7 + 11)/(10 + 15) = 18/25. But can
we find a fraction with a smaller denominator? Let’s look at equivalent fractions with the common denominator of 30: 7/10 =21/30 and 11/15 =
22/30. What fraction is between 21/30 and 22/30? Well, 43/60 is between them, but that’s an even bigger denominator. What if we use a common
denominator of 150? Then we have 7/10 = 105/150 and 11/15 = 110/150. If we consider the numbers between 105 and 110, we find 108/150,
which can be simplified to 18/25 again. Suppose we consider the decimal values 0.7 and 0.733333... Again, we might find 0.72 or 72/100, which
can be reduced to 18/25. We could begin a systematic test of denominators less than 25, but that would be quite tedious. Suppose we notice that
7/10 is a little bigger than 2/3, and 11/15 is a little smaller than 3/4. Then we add numerators and add denominators to get the fraction 5/7, which
is between our original fractions. To confirm, we note that 5 + 7 = 0.714285, which is indeed between 0.7 and 0.733333...The ordered pair is

S, 7.

Problem 4. We need to subtract small primes from 61 and then check if the resulting differences are themselves prime numbers. First we try
a =2, and find that 59 is indeed prime. We quickly realize that all other differences will be even and therefore composite. Therefore, the only
difference b — a is 59 — 2, which is 57.

Problem 5. The y-intercept is at 36 + 4 = 9 and the x-intercept is at 36 = 3 = 12. The area of the triangle is thus (1/2) x 9 x 12 = 54 square units.
The length of the hypotenuse is \/(92 + 122) =(81 + 144) = V225 = 15 units. If we were to use this length as a base, then the area would be (1/2)
x 15 x h = 54 square units. The height /7 would be 54 x 2+ 15=108/15=36/5="7"/s.

Problem 6. Considering first just the units digit, the only candidates are two-digit numbers ending in 0, 1, 5 or 6. The only two-digit numbers that
have this property are 25, whose square is 625, and 76, whose square is 5776. The desired sum is thus 25 + 76 = 101.

Problem 7. The four lines that start at point A have 0, 3, 6 and 9 intersections, for 18 so far. The four lines that start at point B have 3, 4, 5
and 6 intersections, for another 18. Point C is like point B, and point D is like point A. If we multiply 4 x 18 to get 72, we have counted every

intersection exactly twice, so there must be 72 + 2 = 36.

Problem 8. The final amount of maple syrup is (3/4) x (3/4) = 9/16 of the original amount. The other (16 — 9)/16 = 7/16 of the maple syrup has
been removed. Since the original amount was 4 quarts, that’s 7/16 x 4 = 28/16 = 1 %4 quarts.

Problem 9. Point A is traveling along the circumference of a circle with a diameter of 6 inches. This circumference is 67 inches. Point B is
traveling along the circumference of a circle with a diameter of 12 inches. This circumference is 127 inches. Both points travel 45 degrees, which

is 45 + 360 = 1/8 of the circles’ circumferences. The difference is then (1/8)(127) — (1/8)(6m) = (1/8)(12% — 6m) = (1/8)(6m) = (3m)/4 inches.

Problem 10. By the end of April Ist, (2/3)(4500) = 3000 of the bulbs had bloomed. On April 2nd, (2/3)(4500 — 3000) = 1000 more bulbs
bloomed. Thus, 3000 + 1000 = 4000 bulbs had bloomed by the end of April 2nd.
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Warm-Up 11

Problem 1. The solution is D(—5, —4), which keeps the vertices in alphabetical order, as shown in the first figure. Two other parallelograms are
shown in figures 2 and 3, but they are not solutions because the points aren’t in the correct order. They would be parallelograms ACBD and
ABDC, respectively.

Figure 2

Figure 1 Figure 3

B

D

Problem 2. We can think of this as, for every quarter, Susie and Richard would get 2.5 dimes. Suzie would have (5Q + 1) x 2.5 =(12.5Q +2.5)
dimes, and Richard would have (Q + 5) x 2.5 =2.5Q + 12.5 dimes. Susie would have (12.5Q + 2.5) — (2.5Q + 12.5) = 10Q — 10 dimes more than
Richard.

Problem 3. Let’s use C, M and T for the current ages of Carla, Marla and Terry. From the first statement, we can write the equation C + 10 =2M,
which we can rewrite as C = 2M — 10. From the second statement, we can write the equation T — 10 = 2(M — 10), which we can rewrite as T =
2(M —10)+ 10 or T=2M — 10. And from the third statement, we can write C + M + T = 130. Substituting the values for C and T from the first
two equations into this third equation, we get (2M - 10) + M + (2M — 10) = 130. Simplifying, we get SM — 20 = 130 or 5SM = 150 or M = 30.
Marla must be 30 years old now.

Problem 4. If / is for higs and g is for gihs, then we have 2/ + 4g =22 and 2g + 144 = -28. Solving the first equation for &, we get h =

11 — 2g. Substituting this value into the second equation, we get 2g + 14(11 — 2g) = —28. Distributing on the right, we get 2g + 154 — 28g = -28.
Simplifying further, we get -26g =—182, or g =—182 + (-26) = 7. Substituting this value back into the first equation, we have 2/ + (4 x 7) = 22.
So 2/ + 28 = 22, which means that 22 = -6 and /# = —3. Now we can find the value of 7 higs and 3 gihs, whichis 7 x (-3) +3 x 7=-21+21=0.

Problem 5. Since we know that the areas are equal, we know that (1/2)bh = s”. The problem asks about the altitude from point C, which makes
side AB the base. Let the altitude = 4, AB = 2x and PQ = x. Plugging in what we know, (1/2)(2x)h = x*. When we solve for 4 we find that / = x.
The ratio of the height to the perimeter is x to 4x, which is 1/4.

Problem 6. If the four-digit integer is to be a palindrome, then the third and forth digits are determined by the first and second digits. There are 4
choices for the first digit and 4 choices for the second digit, so there are 4 x 4 =16 such integers.

Problem 7. We are given the relationship a @ b = '+ b, so0 to find 2 @ 5 we just have to plug the numbers into the appropriate spots. This will
giveus 2° + 57 =32 +25 = 57.

Problem 8. If everyone else’s meal cost $10.00, Zac’s would have cost $13.60. In this scenario, the total bill would be 9 x 10 + 13.60 = $103.60.
If Zac had ordered a $10.00 meal, the total bill would have been only $100.00. Thus, the total bill would have been 3.60/103.60 x 100 = 3.5%
less.

Problem 9. The diagonals of a rhombus intersect at a 90-degree angle, partitioning the rhombus into four congruent right triangles. The legs of
one of the triangles are 6 feet and 9 feet, so the hypotenuse of the triangle—which is also the side of the rhombus—is

V(6% +9%) = (36 +81) = V117 feet. Since 117 =9 x 13, we can simplify this as follows: V117 = V(9 x13) = V9 x V13 = 3v13 feet. The perimeter
of the rhombus is four times this amount or 4 x 3v13 = 12V13 feet.

Problem 10. Draw a 4 by 8 rectangle with the vertices at (4, 4), (12, 4), (12, 0) and (4, 0). The area of that box is 4 x 8 = 32 square units. From
that we can subtract the area of the sectors of the 2 circles that are binding our shaded region. The area of each sector is (1/4)42n = 4r; therefore,
we need to subtract 2(4n) = 8n. This gives us 32 — 8x square units.

Warm-Up 12

Problem 1. Drew travels a total distance of 60 + 12 = 72 miles in the same amount of time that Eddy travels only 60 — 12 = 48 miles. Since Drew
is going 4 miles per hour faster than Eddy, it must have taken him 24 + 4 = 6 hours to go those extra 72 — 48 = 24 miles. Eddy went 48 miles in
the same 6 hours, so his rate was 48 + 6 = 8 miles per hour. Drew’s rate was 12 miles per hour.

Problem 2. If you start with 1, the sums of consecutive odd integers are square numbers. For example, | +3+5+7=16= 4%, We note also that
7 is the 4th odd number, so we get the 4th square number. This gives us a shortcut for finding the sum of the odds from 25 to 49. Since 49 is the
25th odd number, we know that the sum of the odds from 1 to 49 is 257 =25 x 25 = 625. Now we need to subtract the sum of the odds from 1 to
23. Twenty-three is the 12th odd number, so this sum is 12% =12 x 12 = 144. The desired sum is thus 625 — 144 = 481.

Problem 3. One-third plus one-half is five-sixths, so the other twelve DVDs must be the other one-sixth of all the rentals that were returned on
Saturday. There must have been 12 x 6 = 72 DVDs returned on Saturday.

Problem 4. If one angle of a parallelogram is 120 degrees, then the adjacent angle is 180 — 120 = 60 degrees. If we drop a perpendicular from the
vertex with the 120 angle to the 15-inch side below it, we create a 30-60-90 triangle. The short leg of this triangle is half the hypotenuse, so it’s 8
+2 =4 inches. The other leg is the height of the parallelogram, and its measure is 4V3, as can be confirmed with the Pythagorean Theorem. The
area of the parallelogram is equal to its base times its height, so we get 15 x 43 =603 square inches.
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Problem 5. When we add consecutive natural numbers, starting with 1, we get triangular numbers 1, 3, 6, 10, 15, etc. To find the 200th letter in
this array, we need to find the first triangular number that exceeds 200. The formula for triangular numbers is n(n + 1)/2. If we want n(n + 1)/2 to
be in the vicinity of 200, then n(n + 1) will be in the vicinity of 400 and V400 = 20. The 19th triangular number 19 x 20 + 2 = 190, which is too
small. The 20th triangular number is 20 x 21 + 2 =210. So the 200th number in the array will be the 20th letter of the alphabet, which is T.

Problem 6. If the length of the rectangle is decreased by 10%, it will be 90% of what it was. If the width is increased by 10%, it will be 110% of
what it was. The area will be 0.9 x 1.1 = 0.99 = 99% of what it was. Thus, 99% of 432 is 0.99 x 432 = 427.68 or about 428 square centimeters.

Problem 7. One strategy with this type of problem is to think about the various rates in terms of the portion of the tank that can be filled in a
common unit of time. So the drain that drains the full tank in 3 hours, drains 1/3 of the tank in just one hour. The drain that drains the full tank in
5 hours, drains 1/5 of the tank in one hour. And the supply pipe that can fill the empty tank in 2 hours, fills it 1/2 full in one hour. If the tank starts
full and both drains are opened, then in one hour we will drain 1/3 + 1/5 = 5/15 + 3/15 = 8/15 of the tank, which is just over half. But the supply
pipe is also turned on, so it will fill 1/2 the tank or 7.5/15. The difference is 8/15 — 7.5/15 = 0.5/15 or 1/30, so 1/30 of the tank is drained each
hour. It will take 30 hours to drain the tank.

Problem 8. The equation x> —x—1=0 cannot be factored into the product of two binomials with integers. We could use the quadratic formula to
solve for x, but that would not be elegant. Alternatively, we can divide ¥ o2t by ¥ox— 1, using polynomial long division as follows:

x+1
¥ —x-1)x* —2x+1

X —xt—x
¥ —x+1
X —x-1
2

This tells us that the expression x* = 2x + 1 can be written as the following product plus remainder: (xz —x—1)(x+ 1)+ 2. We were given that
the value of x* —x — 1 is zero, so the value of the whole expression is 2. Another solution requires us to manipulate the two expressions x™ — x
—1land x*—2x + 1 until we get some 2pieces that match up. To get an x* term in the equation, let’s multiply both sides by x to get X oxrox=0.
This means x° = x> + x. Substituting x~ + x in for ¥ in the expression we have (x2 +x) —2x + 1, which simplifies to x>~ x + 1. Notice this is very
similar to x*> —x — 1 = 0. Adding 2 to both sides of the equation gives us Yox+1=2 , SO Yoo r1=2.

Problem 9. If Joe had taken the same amount as Martin, then together they would have taken 2/3 of what Wayne left behind. The remaining 10
marbles must be the other 1/3, so Wayne left behind 10 x 3 = 30 marbles. Since Wayne took one more than half the marbles, these 30 must be one
less than half. Adding one back to 30 and doubling, we find the original number of marbles was 2(30 +1) = 62.

Problem 10. Bumping heads is no different than handshaking when it comes to the numbers involved. Two people would exchange one bump (or
handshake). Three people would exchange 3 bumps. Four people would exchange 6 bumps, etc. These are triangular numbers. Thirty-six is the
8th triangular number, but that will occur when there are 9 people at a gathering.

Workout 6

Problem 1. First we will substitute the value —8.4 for x in the second equation as follows: 0.5 x (-8.4) +y=—-14 = 42+ y=-14 =y=-98.
Now we can substitute the values of both x and y into the first equation and solve for & as follows: -2 x (-8.4) + (-9.8) =k = 16.8 - 9.8 =k =
k=1.
C

Problem 2. Segment YB is equal to a diagonal of square WXYZ, so its length is 12 units. By adding point D, as shown, we , v

can see that triangles CDY and YXB are similar to triangle CAB. This also means that triangle CDY is similar to triangle
YXB. Since the sides of two similar triangles are related by a constant factor, and we can see that the length of DY is 1/2
the length of XB, we know that the length of CY must be (1/2)(12) = 6 units. Thus, the length of CB is 12 + 6 = 18 units.

w A B
Problem 3. If the side length of each successive equilateral triangle is 150% of the previous triangle, then we can multiply the previous side
length by 1.5. We will need to do this three times to get to the fourth triangle, so its side length will be 1.5°=1.5x% 1.5 x 1.5 =3.375 times the
original side length. This is the same as 337.5% of the original side length, which represents a 337.5 — 100 = 237.5% increase over the original
side length. The perimeter is also a length, so it will be affected in the same way. The percent increase in the perimeter is 237.5.

Problem 4. The arithmetic mean (average) of each pair of odd squares is one more than the even square that would normally go between the odd
squares. Thus, the 50th term will be 50° + 1 =2500 + 1 = 2501. Note this is also (49° + 51%)/2 = 2501.

Problem 5. Points A and B have the same y value, so the distance between them is the difference of their x values, which is 9 — (=6) = 15 units.
Points B and C have the same x value, so the distance between them is the difference of their y values, which is 6 — (—2) = 8 units. The distance
between points A and C is a diagonal line, so we can calculate the length with the help of the Pythagorean Theorem. Some Mathletes will
recognize the Pythagorean triple 8-15-17. To confirm, we check if 8 +15%is equal to 17%. Indeed, 64 + 225 = 289, so length AC is 17 units. The
perimeter of the polygon is thus 8 + 15 + 17 = 40 units.

Problem 6. Obviously, we need each of the fractions to be less than 1 if their sum is to be less than 1. This means there are really only three
combinations worth trying: 3/5 + 7/9 = 62/45, 3/7 + 5/9 = 62/63 and 3/9 + 5/7 = 22/21. Immediately, we should notice that the third combination

includes 3/9, which isn’t a common fraction and therefore can’t be the solution. Upon further inspection, we find that the second combination is
the only one that yields a sum between 0.75 and 1, so the two fractions are 3/7 and 5/9, and 5/9 is the larger of the two.
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Problem 7. We know the height of our cylinder is 7 inches, so the cylinder’s surface area is 2 + 2 % 7 = 21 + 1dr = 21I(rz +7r). We
also know the height of the cone to be 7 inches; therefore, our cone has a volume of B x 7= (13)m. Although it is strange to equate
two-dimensional surface area and three-dimensional volume, we are told that these two are numerically equal, so we can set them equal to each
other: 2n(7> + 7r) = (7/3)m-. Multiplying both sides by 3 and dividing by n, we get 6(r> + 7r) = 7", which can be rewritten as 6/° + 421 = 7",
Subtracting 6/” from both sides, we find that 42 = . If we divide both sides by r, we see that the radius is 42 inches.

Problem 8. To find the sum of the heights of all the students, we have to multiply each height by the number of students who are that height. The
correct sum is (56 x 1) + (59 x 2) + (60 x 4) + (61 x 3) + (62 x 3) + (63 x 3) + (64 x 3) + (65 x 2) + (66 x 2) + (70 x 1) = 1496 inches. There are
atotalof 1 +2+4+3+3+3+3+2+2+1=24 students. The mean height of all of the students is 1496 + 24 = 62 inches, to the nearest whole
number.

Problem 9. A ceiling fan with a diameter of 6 feet has a circumference of 6x feet. If the fly traveled 19,404 feet, then it must have made 19,404n
+ 61 = 3234 revolutions. Since the fan rotates 20 times per minute, that’s 3234 + 20 = 161.7 minutes, or about 162 minutes, to the nearest whole
number.

Problem 10. The inlet pipe fills 1/300 of the tank every minute and the outlet pipe drains 1/420 of the tank every minute. That’s a difference of
1/300 — 1/420 = 7/2100 — 5/2100 = 2/2100 = 1/1050 of the tank being filled every minute. If the tank is 2/3 full, then only 1/3 of the tank remains
to be filled, which is (1/3)(1050)/1050 = 350/1050 of the tank. This will take 350 minutes.

Warm-Up 13

Problem 1. We can’t have just 40 quarters, because there would be zero dimes, but we can do 38 quarters and 5 dimes. Next we could do 36
quarters and 10 dimes, etc. The last one would be 2 quarters and 95 dimes. That’s 19 ways.

Problem 2. The prime factorization of 30 is 2 x 3 x 5, so we need to eliminate all numbers less than 30 that are multiples of 2, 3 or 5. The
remaining numbers less than 30 are 1, 7, 11, 13, 17, 19, 23 and 29. That’s 8 integers that are relatively prime to 30.

Problem 3. If 41 numbers have a sum of 2009, then their mean (average) is 2009 + 41 = 49. Since the 41 numbers are in an arithmetic sequence,
49 is also the median of the numbers. That means there are 20 numbers less than 49 and 20 numbers greater than 49. If the constant difference
were 1, the sequence would not reach down to single-digit numbers. If the constant difference in the sequence is 2, then the first number would
be 20 x 2 = 40 less than 49, which is 49 — 9 = 9. If it were 3, the sequence would go into negative numbers and have several single-digit numbers.
Hence, 9 is the only possible one-digit number that could appear in the sequence.

Problem 4. Let’s call circle A a unit circle. Then line segment AE would be like the diagonal of a unit square and its length would be V2 units.
The radius of circle D is half this amount, or V2/2 units. The ratio of the radius of circle D to circle A is thus ¥2/2 to 1, which is just \2/2.

Problem 5. There are “5 choose 4” ways to pick two numbers without replacement from the set. That’s (5 x 4)/2 = 10 ways. They are 3+6=9, 3
+9=12,3+12=15,3+15=18,6+9=15,6+12=18,6+15=21,9+12=21,9+ 15=24 and 12 + 15 = 27. Of these, only 12, 18, 18 and
24 are divisible by 6. The probability is thus 4/10 = 2/5.

Problem 6. Let’s call the first positive integer » and the next three positive integers n + 1, n + 2 and n + 3. When we square all four of these and
collect like terms, we %et 4n” + 12n + 14, which we set equal to 734. Setting this equal to zero, we get 4n* +12n-720=0. To simplify, we divide
by 4, which gives us n” + 3n — 180 = 0. Now we use the prime factors of 180, 3 x 3 x 2 x 2 x 5, to help us factor #n* + 3n— 180 into (n—12)(n+
15). The positive solution to the equation (n — 12)(n + 15)= 0 is n = 12, which is our smallest positive integer.

Problem 7. The Isaowers of 7 have a repeating pattern in the ones place and the tens place. It goes 07, 49, 43, 01 and then repeats. Thus, 7** will
end in 49, and 7% will end on 43. So the last two digits of the sum 747 are 49 + 43 = 92, and the sum of these two digits is 9 +2 = 11.

Problem 8. If the perimeter of square I is 24\2 inches, then its side length is 24V2 + 4 = 672 inches. The diagonal of square I is also the diameter
of circle I, and its length is 6\2 x \2 = 12 inches. Similarly, the side length of square Il is 6\2 + 4 = 1.5V2 inches, and its diameter is 1.5V2 x \2
= 3 inches. If the diameter (and hence the radius) of circle I is 4 times the diameter of circle II, then the area of circle I is 4 x 4 = 16 times the area
of circle 11, and the ratio of the area of circle II to circle I is 1/16.

Problem 9. First we can factor out an x. That gives us the equation )c(4xZ + 5x — 8) = 0. This product is equal to zero when x = 0 or when (4)(2 +

5x — 8) = 0. This root of zero contributes nothing to the sum of the roots. Now we don’t actually need to factor 4x” + 5x — 8 = 0 into the product of
two binomials to find the sum of the roots. (It doesn’t factor nicely.) If we divide both sides of this equation by 4, we get X+ (5/4)x —2=0.The
coefficient of the middle term (5/4) is the opposite of the sum of the roots, so our answer is —1.25.

Problem 10. Let’s call the width x units. Then the length is 2x units, and the area is 2x° units. If the width is increased by 25%, the new width is

(5/4)x. The length is decreased by 25%, so it becomes (3/4)(2x) = (3/2)x. The new area is (5/4)x x (3/2)x = (15/8))52 square units. It appears that
the rectangle lost 2 — 15/8 = 1/8 of its area. If(1/8)x2 =200, then x” = 1600, and x = 40 units, which is the original width of the rectangle.

Warm-Up 14

Problem 1. The value of ab must be 224 — 212 = 12. There are only 6 pairs of positive integers (a, b) that satisfy ab = 12, namely (1, 12), (12, 1),
(2,6),(6,2), (3,4 and (4, 3).

Problem 2. If the remainder of 207 divided by the number is 11, then 207 — 11 = 196 must be a multiple of the integer. The prime factorization of
196 is 2 x 2 x 7 x 7. The smallest divisor that leaves a remainder of 11 must be larger than 11 and is 14.
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Problem 3. The probability that Andy wins, then Barbara wins, then Christy wins is 1/2 x 1/3 x 1/6 = 1/36. But we also could have Andy win,
then Christy win, then Barbara win. There are six ways these three people could each win one game in the first three games, so the probability of
this happening is 1/36 x 6 = 1/6.

Problem 4. The function as written is already factored, so the roots are easily found. If (—x — 4) = 0, then x = —4. If (x + 10) = 0, then x =—10. A
parabola is symmetric, so the x value of the vertex is halfway between —4 and —10, which is —7. Evaluating the function at x = =7, we get
y=(=(-7)—4)(-7 + 10) =3 x 3 =9, This parabola opens downward, so 9 is the greatest possible value for y.

Problem 5. First let’s connect points K and T by a line segment to form triangle KAT. Angle AKT is a right angle since side AT is a diameter of
the circle. Since all triangles have a sum of 180 degrees, angle ATK must be 180 — 90 — 42 = 48 degrees. The measure of an arc whose endpoints
are the same as the endpoints of an inscribed angle will be double the measure of that angle. Thus, the measure of minor arc AK is twice this
amount, or 2 x 48 = 96 degrees.

W, A X
Problem 6. Triangles ADX and BDC are similar. The length of segment CB is 1/4 of the length of the rectangle, and
the length of segment AX is 2/3 the length of the rectangle. The ratio of these two corresponding sides is 1/4 +2/3 = D
3/8. Since the two triangles are similar, the ratio of CD to DX will be the same 3/8.
C B Y

Problem 7. Suppose a number greater than 50 and less than 100 has a prime factor of 2. If we use another factor of 2, the number will be greater

than 100. This means we will have to reduce the number of some other prime factor if we increase the number of factors of 2. The least candidate
that presents itself is 54, which is 2 x 3 x 3 x 3. A “partner” for 54 could have more factors of 2 and fewer factors of 3, such as 72, which is 2 x

2 x 2 x 3 x 3, The next example is 56 =2 x 2 x 2 x 7, which can be partnered with 98 =2 x 7 x 7. The remaining partners are 60 =2 x 2 x 3 x 5§

and 90 =2 x 3 x 3 x 5. Then there is 96 =2 x 2 x 2 x 2 x 2 x 3, which can be partnered with 54 and 72. That’s 7 numbers in all.

Problem 8. The height of the cylinder is used only once in the volume formula, whereas the radius gets squared, or used twice. The height will be
120% of its former height, which is 1.2 times as much. The radius will be 80% of the original, which is 0.8 times as much. The volume, therefore,
will be 1.2 x 0.8 x 0.8 = 0.768 times the original, which is 76.8% or 77%, to the nearest whole number.

Problem 9. There will be a constant product of the length of the wrench times the pounds of force. Thus, 9 x 375 =15 xp,sop =9 x 375+ 15=
225 pounds.

Problem 10. Since each of the brothers can say the same thing as the person making the statement, the person making the statement must be a
boy. Suppose this boy has 3 brothers and 1 sister, which is 3 — 1 =2 more brothers than sisters. Then there are 4 boys and 1 girl in the family. The
girl would say that she has 4 — 0 = 4 more brothers than sisters. Suppose there are 5 boys and 2 girls in the family. Either of the girls would say
that she has 5 — 1 =4 more brothers than sisters. The family can be any size with 3 more boys than girls, and any of the sisters would say she has
4 more brothers than sisters.

Workout 7

Problem 1. While walking up, if Charles walks at 1/3 of Billy’s rate, then Billy walks at 3 times Charles’ rate. On the way down, Billy doubles
his rate, so he is now walking at 6 times Charles’ rate. Charles is at the 1/3 mark, or 140/3 = 46 ?/; meters, when Billy reaches the top, which
means there are 140 — 46 %3 =93 !/; meters to go. Billy will cover six parts of that distance in the same time that Charles covers one part of that
distance. Dividing 93 '/3 by 7, we get 280/3 x 1/7 = 280/21 = 13 !/; meters. Adding this to the 46 %/ meters Charles had already walked, we find
that Charles had walked a total of 60 meters.

Problem 2. First of all, the third side of the smaller triangle cannot be 10 inches because sides of 10, 10 and 20 inches would not form a triangle.
The smaller triangle must have sides of 10, 20 and 20 inches. If the shortest side of the similar triangle is 50 inches, then the other two sides are
100 inches and 100 inches. Thus, the perimeter of the larger triangle is 50 + 100 + 100 = 250 inches.

Problem 3. At each stage, the child takes one-third of the pennies, leaving 2/3 of the pennies behind. After all three children have come, the
remaining pennies are 2/3 x 2/3 x 2/3 = 8/27 of the original amount. If the 24 pennies are 8/27 of the original number of pennies, then we can
write a proportion 24/x = 8/27 and solve for x. The 24 is three times the 8, so there must have been 3 x 27 = 81 pennies. We also could work
backwards. If there were 2/3 or 24 pennies left after Larry, then Larry took 12 pennies and there were 36 on the table when he arrived. This means
36 is the 2/3 left by Kerry, so she had taken 18 and there were 54 when she arrived. Therefore, Mary left 54 pennies, meaning she took 27 pennies
and there were 81 pennies originally put on the table by Mom.

Problem 4. If Bill scored exactly 28% correct on the first part of the test, then it may be that he got 28 right out of 100, or 14 out of 50, or 7 out of
25, or any other equivalent fraction with a whole-number denominator. Since Bill’s score changed by 33% - 28% = 5% by answering 4 questions
correctly, we immediately know that each question must be worth more than 1%. Thus, there must be fewer than 100 questions on the test, and 28
out of 100 can immediately be ruled out as an option. We know that 4 more correct answers brings his fraction correct to 1/3, so it may be that (7
+4)/(25 + x) = 1/3, for x number of problems on the second part of the test. Eleven is 1/3 of 33, so x =33 — 25 = 8. Now let’s try it starting with
14 out of 50. This time we find that (14 + 4)/(50 + x) = 1/3 = 18(3) = 50 + x = x = 4. Four is the smaller number; thus, 4 is our answer.

Problem 5. There is currently $10,000 in the college account, and their parents will continue to put money in the account on a monthly basis
throughout Devin’s last 2 years of high school, continuing through her 4 years of college, bringing the total amount of money deposited to 10,000
+12(6)(200) = 24,400. Each kid will get 1/2 of the money, or $24,400/2 = $12,200, over the course of 4 years. Thus, they will each get 12,200/4
= $3050.00 annually.

Problem 6. Points with integer coordinates are called lattice points. The length of the rectangle is 5 — (—5) = 10 units. There will be 9 lattice
positions between the two vertical sides of the rectangle. The height of the rectangle is 4 — (—4) = 8 units. There will be 7 lattice positions between
the top and bottom of the rectangle. That’s a total of 9 x 7 = 63 lattice points.
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Problem 7. The fly’s journey traces out the three sides of a right triangle. If the radius of the circular room is 58 feet, then the diameter is 2 x 58 =
116 feet. This is the hypotenuse of the right triangle. One of the legs is 80 feet, so the other leg must be equal to \/(1162 + 802) =(13,456 — 6400)
=/7056 = 84 feet. The total distance traveled by the fly is 116 + 84 + 80 = 280 feet.

Problem 8. The thicker solid line in the diagram shows the shortest path that one person could travel. The circle is equally
divided into six 60-degree arcs, so the short distance is 40 feet, the same as a radius. The dotted line is a diameter that
separates the quadrilateral into two 30-60-90 triangles. The longer leg is (80V3)/2, or 403 feet. Each person travels 40\3 +
40 + 40 + 40V3 = 80 + 80V3 feet. After all six people did this, 6(80 + 80V3) = 480 + 480V3 feet had been traveled.

Problem 9. Let abc represent the three-digit number in base 3, where a, b and ¢ each represent a digit 0, 1 or 2. The place values in base 3 are 9,
3 and 1, so the base-ten value of abc is a x 9+ b x 3 + ¢ x 1, which can be written as 9a + 3b + ¢. This same value is cba in base 4, which we can
write as 16¢ + 4b + a. Equating these two expressions, we get 9a + 3b + ¢ = 16¢ + 4b + a. We can simplify this to 8a = 15¢ + b. Now, there are
only three digits to try for each letter. It turns out that 8 x 2 =15 x 1 + 1, so the base-three number is 211, and the base-four number is 112,. The
base-ten value is (2 x 9) + (1 x 3) + 1 =18 + 3 + 1 = 22. To confirm this answer, we check the base-four value:  x 16 +1 x4 +2x 1 =16+4+
2=22.

Problem 10. We can rewrite the equation 324x — 432y = 14.6 in slope-intercept form to find the slope. Adding 432y and subtracting 14.6 from
both sides, we get 324x —14.6 = 432y, which can be rewritten in reverse as 432y = 324x — 14.6. Now we divide both sides by 432, which gives us
¥ =(324/432)x — (14.6/432). We should reduce the fraction 324/432 to its simplest form, which is 3/4. If Bernard’s line is steeper than Arnold’s
line but has a slope less than 0.80, then we are looking for a common fraction between 3/4 and 4/5. There are, of course, infinitely many fractions
between 3/4 and 4/5, but we need a fraction with a one-digit numerator and a one-digit denominator. Interestingly, if we add the numerators and
add the denominators of 3/4 and 4/5, we get just the fraction we need, which is 7/9. This kind of “adding” is called Farey addition, and it always
gives a fraction between the original two fractions.

Warm-Up 15

Problem 1. The graph of the equation 3x + 4y = 15 is a line, and the graph of the equation ¥ +y2 =9 is a circle. The line might not cross at all, it
might touch at just one tangent point, or it might cross the circle twice. If we solve the linear equation for y, we get y =—(3/4)x + 15/4. If we solve
the circle equation for y, we get y = £(9 — xz)A If these two graphs intersect, then their y values are equal at that point, so we can set these two
equations equal and solve for x. We will try the positive value for y first. The algebra is shown below:

49— x* =-3x+15
@Wj =(3x+15Y
16(0 - x? )=9x> ~90x +225
144 —16x7 = 9x* —90x + 225

0=25x>—90x+81
0=(5x-9)(5x-9)

The fact that we got the same solution twice, namely x = 9/5, means that the line is tangent to the circle. Substituting 5
x = 9/5 into the linear equation, we get y =—(3/4)(9/5) + 15/4 =-27/20 + 75/20 = 48/20 = 12/5. The single point of
intersection is (9/5, 12/5). 4
Problem 2. The two times must be close to a change of hour so that the first digit changes. The only pair of palindromes that are 2 minutes apart
is 9:59 and 10:01.

Problem 3. Triangles EAB and EDC are similar, and the ratio of their corresponding sides is 8 to 17. Their heights also will be in the ratio 8 to
17, so their areas will be in the ratio 8 to 17°, or 64 to 289. Although the actual areas are not known, the ratio of the area of trapezoid ABCD to
triangle EDC is the difference 289 — 64 = 225 compared with 289, or 225 to 289. The ratio of triangle EAB to trapezoid ABCD is 64 to 225, or
64/225 as a common fraction.

Problem 4. Let’s say the winner received » votes. Then one opponent received » — 30 votes, a second opponent received 7 — 35 votes and a third
opponent received n — 48 votes. These n + n— 30 + n— 35 + n— 48 votes were 87 in all, so 4n — 113 = 87. That means 4n = 200, and » = 50 votes.
The other candidates received 20, 15 and 2 votes.

Problem 5. An arithmetic sequence is a sequence of real numbers for which each number is the previous term plus a constant. Since 91 — 1 = 90,
we need to find the number of factors of 90. They are 1, 2, 3, 5, 6, 9, 10, 15, 18, 30, 45 and 90 for a total of 12 factors. For example, using 10, we
have the sequence 1, 11, 21, 31, 41, 51, 61, 71, 81, 91, etc. For each factor there is a unique sequence, so there are 12 sequences.

Problem 6. If the short leg of the 30-60-90 triangle is 1 unit, then the long leg is V3 and the hypotenuse is 2 units. The area would be 1/2 x 1 x
V3 =3/2. If an isosceles right triangle has the same area, then (1/2))5z =13/2, or x* = \3, where x is the leg of this second triangle. The square of
the shortest leg on the first triangle is 1?=1.The square of the leg of the second triangle is V3. The ratio is thus 1//3, which simplifies to 1/4/3 x
V33 =+3/3.

Problem 7. If we consider the expanded version of 30! (1 x 2 x 3 x ... x 27 x 28 x 29 x 30), we can look at the included multiples of 3 to see how
many could be divided out. The multiples of 3 are 3, 6, 9, 12, 15, 18, 21, 24, 27 and 30, but remember that 9 and 18 each give us two 3s, and 27

gives us three 3s. Thus, there are 14 3s that can be factored from 30!, so n = 14.
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Problem 8. The least common multiple of 3, 4 and 5 is 60. If we add 1 to this number, then we will get a remainder of 1 if we divide by 3,4 or 5.
Mr. Silent must be 61 years old.

Problem 9. Each of the four variables can have one of two different values, so there are at most =16 arrangements of —1s and 1s to try. But
each product r« and st can only be 1 or —1, so there are really only 2%=4 possibilities: 1 =1=0,1 ~(-1)=2,-1 -1=-2or-1 —-(~1) = 0. Since
the situation is symmetric, 8 of the 16 arrangements of —1s and 1s must result in a determinant of 0. The probability is thus 0.5.

Problem 10. Perhaps we should start with a guess of 180. There are 180 + 5 = 36 multiples of 5 and 180 + 3 = 60 multiples of 3. If we subtract 36
and 60 from 180, we have subtracted the 12 multiples of 15 twice, so we will add 12 to the count: 180 — 36 — 60 + 12 = 96. We need to count four
more numbers in the sequence: 181, 182, 184, 187. The 100th term must be 187.

Warm-Up 16

Problem 1. The difference between 89 and 64 is 25, but 64 is included, so there are 26 different numbers of oranges that could be in the boxes. If
we want to know the smallest number of boxes that is possible in the largest stack, we need to assume the number of oranges in the boxes allows
them to be sorted in a way that they are as evenly spread out as possible. If this is the case, we can divide 185 boxes by 26 stacks to get 7 with a
remainder of 3 boxes. This means there are 23 stacks with 7 boxes and 3 stacks with 8 boxes. The smallest number of boxes possible in the largest
stack would be 7+ 1 =8.

Problem 2. The two runners are approaching each other at 12 + 10 = 22 miles per hour. Since they are running on a 1/4-mile track, they will pass
each other 22 + 1/4 = 22 x 4 = 88 times every hour. They will pass for the 30th time after 30/88, or 15/44 of an hour. Since Anastasia is running at
12 miles per hour, she will have run a distance of 15/44 x 12 =45/11 =4 '/, miles.

Problem 3. First of all, we calculate that the length of DC is 17.8 — 5 = 12.8. Since triangles ADB and BDC are similar, BD/AD is equal to
CD/BD, giving us the proportion x/5 = 12.8/x. Multiplying both sides by 5x, we get x* = 64, 50 x = 8 units.

Problem 4. There are five gaps of 2 years between the oldest and the youngest children in the Gleason family, so they are 10 years apart. When
the oldest is three times as old as the youngest, this gap of 10 years will be equal to twice the age of the youngest, so the youngest will be 5 and
the oldest will be 15.

Problem 5. We will try to list all possible ordered triples xyz systematically. If z = 4, we have 3 triples: 124, 134 and 234. If z = 6, we have 10
triples: 126, 136, 146, 156, 236, 246, 256, 346, 356 and 456. If z = 8, we have 21 triples: 128, 138, 148, 158, 168, 178, 238, 248, 258, 268, 278,
348, 358, 368, 378, 458, 468, 478, 568, 578 and 678. That’s 3 + 10 + 21 = 34 triples in all.

Problem 6. Let’s assume the semi-circle with diameter AD has a radius of 3 units. Then its area is 1/2 x 1 x 3* = (97)/2 square units. It follows
that the area of semi-circle AB is 1/2 x m x (1/2)Z =n/8, the area of semi-circle BC is 1/2 x t x 1’= 7/2, and the area of semi-circle CD is 1/2 x
7 % (3/2)> = (9m)/8 square units. The total of the unshaded areas is 7/8 + 1/2 + (97)/8 = (147)/8 = (7m)/4 square units. Subtracting this from the
area of semi-circle AD, we get the area of the shaded region, which is (97)/2 — (7n)/4 = (18n)/4 — (7mn)/4 = (11m)/4 square units. The ratio of the
shaded to the unshaded regions is thus (117)/4 to (7m)/4, which simplifies to the fraction 11/7.

Problem 7. Non-negative integers are the same as whole number—zero and the natural numbers. We want to create a sum of 50 using 2s, 5s and
7s, with exactly 8 numbers total. If we use seven 7s for 49, we can’t create | with 2s and Ss. If we use six 7s for 42, we would need four 2s, which
is too many numbers. If we use five 7s for 35, we can do three more 5s and zero 2s. Our triple is (0, 3, 5).

Problem 8. The ratio of the diameter of 10 to the diameter of 6 is 10/6 = 5/3, which is an increase of 2/3 or about 67%. When we consider the
area, which is two-dimensional, the ratio will be 5/3 x 5/3 =25/9. This represents an increase of 16/9, which is about 16 + 9 x 100 = 178%.

Problem 9. If the sum of two unit fractions reduces to 1/3, then we should consider some fractions equivalent to 1/3, such as 2/6, 3/9, 4/12, 5/15,
etc. We have to be able to decompose the numerator into a sum of two factors of the denominator. We can do this with 2/6, which is 1/6 + 1/6. We
also can do this with 4/12, which is 3/12 + 1/12 = 1/4 + 1/12. We also could write 1/12 + 1/4, so we can’t be sure which number is k. Thus, the
possible values of & are 6, 4 and 12, and their sum is 22.

Problem 10. Let’s say there are n one-point questions on the test. Then there are 2n of the three-point questions. Let’s also say that there are

m five-point questions. The total number of questions is # + 2n + m = 3n + m = 36, and the total value of the questions is n + 3(2n) + Sm = Tn
+5m = 100. Now we have two equations and two unknowns. Multiplying the first equation by 5, we get 157 + 5m = 180. Now we subtract the
second equation from this to get 8# = 80, and then » = 10, which means there are 10 one-point questions. There must be 2 x 10 = 20 three-point
questions. That leaves 36 — (10 + 20) = 6 five-point questions.

Workout 8

Problem 1. Let x be the original cost of the camera in dollars. If the first selling price is to be 60% more than cost, it will be 1.6x dollars. When
the camera doesn’t sell at this price of 1.6x dollars, the store discounts it by 25%, retaining 75% of this price. The new price is 0.75 x 1.6x = 1.2x
dollars. Still the camera doesn’t sell, and after a 10% discount the final price is 0.9 x 1.2x = 1.08x dollars. The original price was x, so the extra
0.08x represents the profit, which we are told is $16. Dividing $16 by 0.08, we find the store’s original cost for the camera was $200.

Problem 2. It took Sam 24/30 = 4/5 of the time it took Ben to run the same route. From the other point of view, it takes Ben 5/4 of the time it
takes Sam to run the same route. If Sam can run two miles in 26 2/3 minutes, then he can run 3 miles in 26 2/3 x 1.5 = 40 minutes. Ben will take
40 % 5/4 = 50 minutes to run 3 miles, which is 10 minutes more.
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Problem 3. An equiangular triangle is the same as an equilateral triangle, so all three sides measure 20 inches. If the point Q coincides with one
of the vertices, then the total distance from each vertex to point Q is 0 + 20 + 20 = 40. As we move this point toward the center of the triangle,
the total distance decreases and reaches its minimum at the center. (Note: There are four different notions of “center” for triangles, but all four of
these coincide on an equilateral triangle.) The center (or centroid) is at the intersection of the medians and cuts the median in a 1 to 2 ratio. The
medians are 20 x V3/2 = 10V3 inches long, so the distance from the center to each vertex is 2/3 x 10V3 = 20V3/3. We are looking for the sum of
three of these, so the distance is 203 inches.

Problem 4. The prime factors of 2, 3 and 5 occur in many of the numbers 1 through 10, but there is only one factor of 7. The final one-digit
number will have to be 7, and we can place a “x” symbol in front of the 7. We also can place a “x” symbol in front of the 1 since we are trying to
minimize the use of “+” symbols. It works out that 10 X 9 x 8 is equal to 6 x 5 x 4 x 3 x 2. We could write [0 x 9 x 8 x 7+6+5+4+3+2x ]
=7, which would use 5 “+” symbols, but we can do better. Since 8 =4 x 2, we can do it in 4 “+=” symbols as follows: 10 x 9 +8x7+6+5x 4+
3x2x1=T70r10+9+8x7x6+5%x4x3+2x1=7.

Problem 5. We need to solve the equation 19x + 7y = 395 for integer values of x and y. The value of 7y must be a multiple of seven, so let’s look
at this equation in mod 7. That would be 5x = 3 (mod 7), which means that 5 times the value of x is 3 more than a multiple of 7. Five times 2 is

3 more than a multiple of 7, but x must be more than 2. The next possibility is 7 +2 =9. If x is 9, then we have 19 x 9 + 7y = 395. This becomes
171 + 7y = 395, then 7y = 224, and the value of y would be 32. Unfortunately, this does not satisfy x > y. Let’s try x = 16. Then we would have
19 x 16 + 7y = 395, which becomes 304 + 7y = 395, then 7y = 91, and finally y = 13. The sum x + y in this case would be 16 + 13 =29.

Problem 6. Let » be the first even positive integer. Then n + 2, n + 4 and n + 6 are the next three even positive integers. First we should note that
the cube root of 7 + 6 is smaller than twice 7, so our equation is 27 — J/n+6 = 112. Now we should pick an even number that is six less than a
perfect cube for the smallest number—or try numbers that are perfect cubes for the largest number. Trial and error is probably the easiest solution.

If we try n =58, we get 2 x 58 — 3/58+6 =116 364 =116 -4 =112, so the smallest number is 58. B
C
Problem 7. Angles BAC and BCA are each inscribed angles, so each one is equal to half of the measure of the arc they b

subtend. Therefore, the measures of arcs AB and BC are each 70 degrees, and together, the measure of arc ABC is
140 degrees. Notice that angle CDA is also an inscribed angle, and it subtends arc ABC, so m£ZCDA = (1/2)m ABC =
(1/2)(140) = 70 degrees.
E
Problem 8. If the diameter of the cone is 30 decimeters, then the radius is 15 decimeters. The height is two times the radius, so we’re back to
30 decimeters for the height. The volume of the cone is (1/3) x @ x 157 x 30 = 2250m =~ 7069 cubic decimeters, to the nearest whole number.

Problem 9. To solve this let’s first add 2 + 1/(x — 2) to get one common fraction, (2x — 3)/(x — 2). As we continue, let’s consider our numerator 1
as 1/1. Now we’ll divide our two fractions, 1/1 and (2x — 3)/(x — 2), to get (x — 2)/(2x — 3). Multiply both sides by the new denominator, 2x — 3,
to get the equation 2x” — 3x = x — 2. Subtract x from both sides to get 2x* — 4x = —2. Adding 2 to both sides and dividing both sides by 2 to reduce
will give us ¥ =2x+1=0. By factoring, we see (x — 1)(x — 1) =0,sox=1.

Problem 10. Let AB = x and AC = y. Then we can write two Pythagorean equations from the information given: ()r/3)2 + yz =287 and " + (y/3)2
= 16". These equations become x*/9 +” = 784 and x° + y°/9 = 256. Multiplying them both by 9, we get x> + 9)” = 7056 and 9x” + * = 2304. Now
we add the two equations to get 1027+ 10y2 =9360, which can be reduced to x° + y2 =936. We do not need to solve for x and y since 936 is the
square of the hypotenuse BC. The length is thus V936 = V(36 x 26) = V36 x V26 = 626 units.

Warm-Up 17

Problem 1. Let’s say the positive integers are a, b, ¢ and d. We know that a + b + ¢ + d = 125. We also know that a + 4 = b — 4 = 4¢ = d/4. If we
express b, ¢ and d in terms of a, we can substitute these expressions into the first equation and then solve for a. We get b=a + 8, ¢ = (a + 4)/4,
andd=4a+16. Thus,a+b+c+d=a+ (a+8)+ (a+t4)/4+ (4a+ 16)=125. Combining like terms, we get 6.25a + 25 = 125. This becomes
6.25a =100, or a = 16. The value of b is 16 + 8 =24, the value of ¢ is (16 +4)/4 =20/4 =5, and the value of dis 4 x 16 + 16 =64 + 16 = 80. The
smallest original number is ¢ = 5.

triangle into a 30-60-90 triangle and a 45-45-90 triangle. The side that is 12 units is the hypotenuse of the 30-60-90 triangle,

so the short leg is 6 units and the long leg—the altitude we drew—is 6\3 units. This is also the length of the equal sides on the
45-45-90 triangle. The base of our original triangle is 6 + 6\3 and the height is 673, so the area is 1/2 x (6 + 6V3) x 6\3 =54 +
18V3 square units.

Problem 2. The shortest side of a triangle is always across from the smallest angle. Let’s draw the altitude that splits our original
12 m

Problem 3. Only square numbers have an odd number of factors. The 6 two-digit squares are 16, 25, 36, 49, 64 and 81.

Problem 4. Let’s say that the bus cost $80. If that were the case, each of the 20 students would have originally planned to spend 80/20 = $4 for
the bus. Since 4 students dropped out there are only 16 students. The cost per student is now 80/16 = $5. Thus, the percent of change, or m%, is
(5—4)/4 %100 =25.

Problem 5. There are “seven choose three” ways to pick three cards from the set of 7 cards. That is 7C3 = (7 x 6 x 5)/(3 x 2 x 1) = 35 ways. Of
these 35 combinations, only 7 have a sum that is less than 10. Theyare 1 +2+3,1+2+4,1+2+5,1+2+6,1+3+4,1+3+5and2+3 +
4. Two of these use a 5, which allows Kevin to win. That means there are only 5 ways that Kevin does not win, and 30 ways that he does win. The
probability that he wins is thus 30/35 or 6/7.

Z,
Problem 6. In the diagram, the line containing points X, Y and Z is the line externally tangent to both circles. Triangle X Y, ‘{ ‘
BED is congruent to triangle XYB. Side BD is the sum of the two radii, so its length is 6 units. Side XB is the same, so the ‘Qy
distance XA is 6 — 2 = 4 units.
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Problem 7. After 5 years each birch tree willbe 4 +4 +2 + 1 + 1/2 + 1/4 = 11 3/4 feet tall. That’s 8 x 11 3/4 = 94 feet of birch tree height. After
five years, each mulberry tree will be 10 + 5 x 6 = 40 feet tall. That’s 15 x 40 = 600 feet of mulberry tree height. The total feet of tree height is
94 + 600 = 694 feet.

Problem 8. If we continue the sequence a little further, we will see what is happening. 2009, 2008, 1, 2007, 2006, 1, 2005, 2004, 1, etc. Every
third term is 1, and the other terms are descending by 2 for every 3 terms. Since 2009 + 3 = 669, remainder 2, we know that the 2009th term
will occur just before a 1. A total of 2 x 669 + 1 = 1338 + 1 = 1339 will have been subtracted from the original 2009, so the 2009th term is 2009
— 1339 =670.

Problem 9. The probability that the group of three students is entirely girls is 12/20 x 11/19 x 10/18 = 1320/6840 = 11/57. Any other possibility
must include at least one boy, so the probability of at least one boy in the group is 1 — 11/57 = 46/57.

Problem 10. If we substitute 2x for y in the equation x + y = k, we get x + 2x = k or 3x = k. It then becomes a question of how many two-digit
multiples of 3 there are. Ninety-nine, which is 3 x 33, is the greatest two-digit multiple of 3, and then 12, which is 3 x 4, is the least two-digit
multiple of 3. There are 33 — 3 = 30 two-digit multiples of 3, so there are 30 possible two-digit values of k.

Warm-Up 18
Problem 1. The 7 days in October when exactly two clubs meet are the 6th, the 10th, the 12th, the 15th, the 18th, the 20th and the 24th.

Problem 2. The center of a circle inscribed in a triangle is located at the intersection of the angle bisectors. The inscribed circle

is tangent to each side of the triangle, so a radius is perpendicular to each side at each point of tangency. Also, lines tangent from X
a point outside a circle are congruent, so we have some equal lengths, as shown in the diagram. Since we know the perimeter

of the triangle is 120 units, we have the equation 18 + 2x + 2y = 120, which can be simplified to 2x + 2y =102, or x + y = 51. y
We don’t have to solve for x or y individually since this sum x + y is actually the length of the hypotenuse which we want. The
answer is thus 51 units.

Problem 3. The difference between 1 and 27 is 26, so the constant difference between terms in this sequence can only be 1, 2, 13 or 26, which are
the factors of 26. If the constant difference were 1, then there would be too many terms. If it were 13, then four of the terms would be 1, 14,

27 and 40, and the median would not be 38. Likewise the constant difference cannot be 26. If it is 2, then we get odd numbers 1, 3, 5, etc. Since
37 is the 19th odd number, we would end up with fewer than 40 terms when we include the other half. The fourth odd number after 27 is 35.

Problem 4. Since the second housefly sits half the distance from the center, he will travel half as far as the first housefly with each revolution. If
the second housefly had stayed on the fan for 18 minutes, he would have traveled the same distance that the first housefly traveled in 9 minutes.
Since he stayed for only 15 minutes, he must have traveled 15/18 x 36007 = 30007 feet.

Problem 5. The first pick can be from any suit, so 52 out of 52 cards are okay. The second pick must match the suit of the first, so 12 out of 51
cards are okay, then 11 out of 50, etc. The probability that all five cards are from the same suit is calculated as the product of these fractions:
52/52 x 12/51 x 11/50 x 10/49 x 9/48. After some canceling, we have 11 x 3 =33 in the numerator and 17 x 5 x 49 x 4 = 16,660 in the
denominator, so the probability is 33/16,660.

Problem 6. If the 9-gon were a regular 9-gon, then each of the 9 exterior angles would be 360 + 9 = 40 degrees and each of the interior angles
would be 180 — 40 = 140 degrees. Our 9-gon is not regular, but it must have one angle of 140 degrees. Four are greater than 140, and four are
smaller than 140. The largest angle has to be less than 180, so we look for the greatest multiple of 4 less than 180 — 140 = 40. That would be 36,
so the constant difference of the arithmetic sequence is 9 degrees. The angles are 104, 113, 122, 131, 140, 149, 158, 167 and 176 degrees. The
largest is 176 degrees.

Problem 7. When a price is discounted, we should pay attention to the percentage that must still be paid. So a 36% discount means we pay 100
— 36 = 64%, the 25% discount means we pay 75% and a 40% discount means we pay 60%. The triple-discounted price would be 0.64 x 0.75 x
0.60 = 0.288 of the original price. This is 28.8% or, as a fraction, 288/1000 of the original price. This fraction reduces to 36/125.

Problem 8. The least common multiple of 6, 9 and 10 is 90, so Jim, Joe and Tom will all be at the starting point again after 90 minutes. Jim will
have completed 90 + 6 = 15 laps, Joe will have completed 90 + 9 = 10 laps and Tom will have completed 90 = 10 =9 laps. That’s 15+ 10 + 9 =
34 laps in all.

Problem 9. If a sum of consecutive positive integers starts with a number greater than 1, then we can think of this sum as the difference between
two triangular numbers. The number 595 is the 34th triangular number, and it is 10 more than our number 585. Ten is the fourth triangular
number, so this sum must consist of 34 — 4 = 30 consecutive positive integers.

Problem 10. Let’s find the area of the pentagon by calculating the area in each quadrant. In the first quadrant, we have a

5-by-8 rectangle for 40 square units, a right triangle with legs of 5 and 8 units for 20 square units, and a right triangle with

legs of 5 and 4 units for 10 square units. That’s 40 + 20 + 10 = 70 square units in the first quadrant. In the second quadrant,

we have a right triangle with legs 6 and 12 units for 36 square units. In the third quadrant, we have a right triangle with

legs 6 and 6 units for 18 square units. In the fourth quadrant, we have a right triangle with legs 6 units and 10 units for

30 square units. The total area of the pentagon is 70 + 36 + 18 + 30 = 154 square units. The fraction of this area in the ‘V
fourth quadrant is 30/154 = 15/77.
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Workout 9

Problem 1. Two of the lines have the same y intercept of —8, so we have an intersection at (0, —8). To find the other two intersections, we
substitute y = 3 and solve for x. One equation gives us 3 = (1/2)x — 8, for which x = 22 is the solution. This gives us a
second point of intersection at (22, 3). The other equation gives us 3 =—(11/6)x — 8, for which x =—6 is the solution.
This gives us our third point of intersection at (=6, 3). If we use the y = 3 line as the base of the triangle, its measure is
22 — (—6) = 28 units, and the height is 3 — (—8) = 11 units. The area of this region is (1/2) x 28 x 11 = 154 square units.

Problem 2. If we graph four separate equations, we can find this region. The four equations are 3x + 4y = 24, —3x + 4y = 24, 3x + (—4y) = 24, and
—3x + (—4y) = 24. Starting at the point (0, 6) and moving down the y-axis, we count 1 +3+5+9+11+13+17+13+11+9+5+3+1=101
ordered pairs with integer coordinates in this region or on the edge of the region.

‘h Problem 3. The numbers increase by 1, then 2, then 3, etc., so the next number should be 11 + 5 = 16. Note that each
number is one more than a triangular number. Note that students may be able to create and defend alternative solutions to
this problem since the pattern is not defined in the problem.

F
B [¢
Problem 4. If we consider rectangle ABCD to be one unit of area, then quadrilateral CDGF is 1/3 + 1/6 = 1/2 of the area.
Triangle BEF is 1/2 x 1/2 x 1/3 = 1/12 of the area. And triangle AEG is 1/2 x 1/2 x 2/3 = 1/6 of the area. That’s 1/2 + 1/12+ E
1/6 = 9/12 in all. Triangle EFG must be the remaining 3/12, or 1/4 of the area. R q b
G

Problem 5. The greatest score that cannot be obtained with 3s and 7sis 3 x 7— (3 +7) =21 — 10 = 11. The 6 scores that cannot be obtained are
1,2,4,5,8and 11. Note that since 3 is our lowest point-value and three consecutive scores of 12, 13 and 14 points are possible, all greater scores
can be obtained by adding a multiple of 3 to one of these three scores.

Problem 6. Since an interior term is the geometric mean of its adjacent terms, and we know that all of the terms in this sequence are integers, the
product of 605 and the term that is two terms before it must be a perfect square. Let’s take a look at the prime factorization to see if that gives us
any clues. The prime factorization of 605 is 5 x 11 x 11. Thus, the smallest option is 5, and we can have 5, , 605 which is 5, 55, 605. We can’t
divide 5 by 11 to get a smaller member, so 5 is our answer.

Problem 7. The rectangular room must have a floor area of 13,338 + 9 = 1482 square feet. The number 1482 =2 x 3 x 13 x 19 has only one
factor of 2, so one of the dimensions must be odd. If the room measures 38 feet by 39 feet, then we can fit 4 layers of 19-by-19 of the cubes.
That’s 4 x 19 x 19 = 1444 cubes, which turns out to be the maximum.

Problem 8. We know that Bill moved back at least once because he only moved ahead 5 spaces in 6 turns. That gives him 5 + 2 = 7 forward
spaces to move in his remaining 5 moves. Only one 3-space move and four 1-space moves would accomplish this. As shown below, there are

5 positions for the —2 for every one of the 6 possible positions of the 3 (this also can be done as five 3 positions for every one of the six —2
positions). Or, we can see that only the combination =2, 1, 1, 1, 1, 3 works and with four identical moves of 1, this can be arranged in 6!/4! = 30
distinct ways. Thus, there are 5 x 6 = 30 possible sequences of moves.

1111-23 11113-2 11131-2 11311-2 13111-2 31111-2

111-213 111-231 1113-21 1131-21 1311-21 3111-21
11-2113 11-2131 11-2311 113-211 131-211 311-211
1-21113 1-21131 1-21311 1-23111 13-2111 31-2111
-211113 -211131 -211311 -213111 -231111 3-21111

Problem 9. Let’s say the Rockets and the Rangers have each played x games and have 100 — x games to go. If the Rockets lose all of their
remaining games, then they will have a total of 0.6x wins. If the Rangers win all of their remaining games, then they will have a total of 0.35x +
(100 — x) wins. These two amounts would be equal, so we can solve the following equation for x: 0.6x = 0.35x + (100 —x) = 1.25x = 100 = x =
80. The Rockets have played 80 games, so they must have 100 — 80 = 20 games left to play.

Problem 10. The combinations of landings that satisfy the question are ABA, ACA and ADA. The probability of A being the first landing is 6/20,
or 3/10. The probability of ABA occurring is (3/10)(2/14)(6/18) = 36/2520 = 1/70. The probability of ACA occurring is (3/10)(4/14)(6/16) =
72/2240 = 9/280. The probability of ADA occurring is (3/10)(8/14)(6/12) = 144/1680 = 3/35. Then the probability of any one of the three desired
landing combinations occurring is 1/70 + 9/280 + 3/35 = 37/280.

Mixture Stretch

Problem 1. If the nuts are mixed equally there will be 1/3 of a pound of each type of nut per 1 pound of mix. Therefore, each pound of mix
should cost (1/3)(1.75) + (1/3)(5.25) +(1/3)(8.00) or (1.75 + 5.25 + 8.00)/3 = 15.00/3 = $5.00 per pound.

Problem 2. The cost of a mix is the sum of the costs of the amounts of each ingredient that is present. Thus, if we make the pounds of peanuts
added equal to x, we can say that the cost per pound is (30(6.50) + (1.75)x)/(30 + x) = 5.50. Solving for x we find that 195 + 1.75x = 165 + 5.50x
= 30 =3.75x = x = 8 pounds of peanuts.

Problem 3. If we currently have 80% ammonia, then 5(0.8) = 4 gallons are ammonia and 1 gallon is water. In quarts, that’s 16 quarts of ammonia
and 4 quarts of water. What we really want is 10 quarts of each. Let x be the number of quarts to drain. For ammonia that means that 16 — 0.8x =

10. For water that means that 4 — 0.2x + x = 10. Since both equations equal 10, we can set them equal to each other to get 16 — 0.8x =4 — 0.2x + x.
Solving for x we find that 16 =4 =0.8x—-02x +tx = 12=1.6x = x=17.5.
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Problem 4. The cost of the mix can be found by finding the sum of the products of the price of each ingredient and the fraction of the mix each
ingredient makes up. The cost of this mix is (1/2)(1.75) + (1/3)(2.10) + (1/6)(5.25) = $2.45 per pound

Problem 5. Since 4 quarts = 1 gallon, we can convert our 2 gallons of juice to 8 quarts of juice. Now we can set up a proportion to find x. If
8/(8 +x) = 40/100, then 40(8 + x) = 800 = 40x = 480 = x = 12 quarts of water.

Problem 6. First we’ll establish variables, ¢ = number of children’s tickets, s = the number of student tickets, and a = the number of adult tickets.
Now we can create equations from the information provided.

le+4s+9a=1182;c+s+a=197;¢c+22 =5

Using substitution, we can see that (s — 22) + 4s + 9a = 1182, so 5s + 9a = 1204. We also can see that (s —22) + s+ a =197, s0 2s + a=219.
Using elimination, we see that (9(2s + a = 219) — (55 + 9a = 1204) = 135 = 767. Thus, s =59, ¢ = (59) =22 =37,and a = 197 — (59 + 37) =

101 adult tickets.

Problem 7. If there is 1 gallon of the diluted solution, then there is 1 x 0.85 = 0.85 gallons of water and 1 — 0.85 = 0.15 gallons of cleaning
solution. In a 50% dilution, the water and cleaner will be present in equal amounts; therefore, we need to add 0.85 —0.15 = 0.7 or 7/10 gallons of
cleaning solution.

Problem 8. After the first quart is served and replaced with water, 7/8 of the mix is juice. After the next gallon is removed and then replaced with
water, (7/8)(7/8) = 49/64 of the mix is juice.

Problem 9. We can set up two equations from this problem. If # = the total number of animals before the new chickens hatched and s = the
number of sheep, then 0.2¢7 =5 and 0.15(¢ + 25) = 5. Since both equations are set equal to s they are equal to each other. Therefore, 0.27 = 0.15(¢ +
25). By solving for # we see that 0.057 = 3.75 = ¢ =75 animals. Thus, there are 0.2(75) = 15 sheep.

Problem 10. We can find the value of x by setting up a simple equation, 45(0.1) + x(0.7) = 0.25(45 + x). By solving for x we find that 4.5 + 0.7x =
11.25 +0.25x = 0.45x = 6.75 = x = 15 ounces.

Triangles ULTRA Stretch

Problem 1. Use the Pythagorean Theorem to find BC = 24 units and the area of triangle ABC = (1/2)(24)(7) = 84. Note that triangles ABC, ACD
and BCD share a common altitude from C to side AB so the ratio of the areas of the three triangles depends upon the ratio of the bases. Thus, the
ratio of the area of triangle ACD to the area of triangle ABC = 10/25 = 2/5, and the area of triangle ACD = (2/5)(84) = 168/5 square units.

B
Problem 2. The median in an equilateral triangle is (V3/2)(s), thus AD = 63 inches. Point G is the midpoint of AD, which
means GD = 33 inches. Point D is the midpoint of CB, thus CD = (1/2)12 = 6 inches. Now we can use the Pythagorean E D

Theorem to find CG; (3V3)° + 6> = CG* = CG = V63 = 3V7 inches. ﬁ.
A 3 C

Problem 3. Since ACB is similar to XYB we know that XYB is an equilateral triangle and that mZBXY = 60 degrees = mZXAZ. Since XB = 3,
we know that XY = 3 and XA = 6. We’ve determined that m£A = 60° and that AX = 6, so XZ must equal 3V3. Now we can use the Pythagorean
Theorem to solve for YZ; (3\3)* + 3> = YZ* = 27 + 9 =36 = YZ* = YZ = 6 units. Thus, the perimeter is 3V3 +3 + 6 =9+ 3V3 units.

Problem 4. Use the area formula A = \(s(s — a)(s — b)(s — ¢)), where s is the semiperimeter of the triangle, to determine the area of triangle ABC.
The area of triangle ABC = V((16)(11)(4)(1)) = 8V11. Let / be the desired altitude. Since the longest altitude is drawn to the shortest side, it
follows that (1/2)(5)(h) = 8V11 and / = (16V11)/5 units.

Problem 5. Let O be the center of the inscribed circle and draw AO, BO and CO. Let r be the radius of the inscribed circle. Then the area of
triangle ABC = (1/2)(r)(AB + BC + AC) = 21r. The area also can be found as V(21)(5)(7)(9) = 21V15 so = V15 units.

Problem 6. If one side of ABC is to be as long as possible, one side needs to be as short as possible so let’s start with 1. Triangle ABC could be 1,
13, 13 but all of the sides need to be different lengths so let’s try 2. We see that 2, 12, 13 works. This means that the lengths of the three sides of
triangle RST are 2/3, 12/3 and 13/3. The product of these lengths is (2/3)(12/3)(13/3) = 104/9 cubic units.

Problem 7. Draw CD. Then we can see that the ratio of the areas of triangles ACD to ABC = 5/13 and the ratio of the areas of triangles ADE to
ACD = 6/17. Then the ratio of the area of ADE to the area of ABC = (the area of ACD to the area of ABC)(the area of ADE to the area of ACD) =
(5/13)(6/17) = 30/221.

Problem 8. Since ABC is similar to RST, we know that A corresponds to R and C corresponds to T. We are told that triangle RST is completely in
the third quadrant, which tells us that the other leg must extend straight down from T. Since ABC is a right triangle with integer side lengths and
its hypotenuse is 5 units long, we know that its legs must be 3 and 4 units long. Leg RT, which corresponds to leg AC, is 12 units long; therefore,
leg ST must be either 12/4 = x/3 = x =9 units long or 12/3 = x/4 = x = 16 units long. If ST is 16 units long the y-coordinate will be —17. If ST is
9 units long the y-coordinate will be —10. The product of these possibilities is (—10)(—17) = 170.

Problem 9. We are asked to find the measure of angle BPC. Since angle QBP is 14° and the trisectors of angles B and C meet at points P and Q,
angle QBP is 1/3 of angle B. Thus, angle B must be 14 x 3 =42 degrees. The sum of the three angles in triangle ABC is 180 degrees. Therefore,
angle C =180 — (39 +42) = 180 — 81 = 99 degrees. Again, knowing and using our trisector information, angle BCP must be 1/3 of 99 or 33
degrees. Angle PBC is 14°. Therefore, angle BPC = 180 — (33 + 14) = 180 — 47 = 133 degrees.

Problem 10. Through D draw a line parallel to AE intersecting CB at G. When a line is drawn through a triangle that is parallel to a side of the
triangle, it results in a smaller triangle that is similar to the original. As a result, its legs are all related by the same proportion. Using this logic

with triangles DBG and ABE, we see that BG/GE = BD/DA = 5/3, so let’s let BG = 5x and GE = 3x. Then CE = 4x. So looking at similar triangles
CFE and CDG, we have CF/FD = CE/EG = 4x/3x = 4/3.
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